TILING IN SOME NONPOSITIVELY CURVED GROUPS

JOSEPH MACMANUS AND LAWK MINEH

ABSTRACT. We prove that acylindrically hyperbolic groups are monotileable.
That is, every finite subset of the group is contained in a finite tile. This
provides many new examples of monotileable groups, and progress on the
question of whether every countable group is monotileable. In particular,
one-relator groups and many Artin groups are monotileable.

1. INTRODUCTION

A tile of a group G is a subset T' C G such that G can be covered by a disjoint
union of translates of T. A group G is said to be monotileable if every finite
subset is contained in a finite tile. A long-standing question, asked by Chou [9]
and Weiss [25], is the following.

Question. Is every countable group monotileable?

Chou and Weiss independently introduced monotileability with a view towards
applications to ergodic theory, via Rohklin sets in amenable groups. In previous
literature, the terms monotileable, MT, and Property (P) have variously been
used to refer to the same property. Chou showed that being monotileable is
preserved under extensions, directed unions, being residually monotileable, and
under free products [9]. Moreover, the class of monotileable groups straightfor-
wardly includes finite groups and countable abelian groups. It follows that ele-
mentary amenable groups are monotileable. It remains open whether all count-
able amenable groups are monotileable.

In [22], Seward explores various related tiling properties of groups, including
the so-called ‘CCC’ property (standing for “coherent, centered, cofinal”), which
is a stronger, uniform version of being monotileable. Gao, Jackson, and Seward
show that many classes of groups are CCC, including countable free products of
countable groups [13, Theorem 4.5.7]. Whether all countable groups have the
CCC property also remains open. We would also like to mention a result of
Akhmedov and Fulghesu that any subset of a free group that is connected with
respect to the standard generating set forms a tile [2, Proposition 5.1].

A finitely generated group is called word-hyperbolic if it admits a proper co-
compact action on a proper hyperbolic metric space (see Section 2 for defini-
tions). Word-hyperbolic groups were introduced by Gromov in his seminal essay
[14], unifying geometric and combinatorial methods in group theory; fundamen-
tal groups of closed hyperbolic manifolds and small cancellation quotients of free
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groups are archetypal examples. In a recent paper [1], Akhmedov proved the
following.

Theorem (Akhmedov). Word-hyperbolic groups are monotileable.

There are many groups admitting interesting actions on hyperbolic metric
spaces which are not word-hyperbolic in the sense of Gromov. One such class that
has received considerable attention is that of acylindrically hyperbolic groups.
Motivating examples of non-hyperbolic acylindrically hyperbolic groups include
the mapping class groups MCG(X) of non-exceptional surfaces ¥ and outer auto-
morphism groups of finitely generated free groups Out(F,). The study of acylin-
drically hyperbolic groups was initiated by Osin in [20]; we refer the reader to
[21] for a survey of examples and prominent features of the theory.

The main aim of this article is to extend the tiling method developed in [1] to
the setting of acylindrically hyperbolic groups.

Theorem A. Acylindrically hyperbolic groups are monotileable.

Recall that a one-relator group is a group admitting a finite presentation with
a single relator. By a result of Minasyan and Osin [19], many one-relator groups
are known to be acylindrically hyperbolic, and the structure of non-acylindrically
hyperbolic one-relator groups is somewhat constrained. Hence we are able to use
Theorem A to deduce the following.

Corollary B. One-relator groups are monotileable.

Let I' be a simple graph with integer edge labels m;; > 2 for each {7, j} € ET.
The associated Artin group is the group with the presentation
mij myg

Ap:<VF‘ aba .. =bab. ., {Z,j}EEP>

Many Artin groups are known to be acylindrically hyperbolic, such as those of
Euclidean type [7] and those whose graph I' is not a join of two subgraphs [8].
For these groups Theorem A applies straightforwardly. We record an application
to the well-known family of two-dimensional Artin groups that is not entirely
immediate.

Corollary C. Two-dimensional Artin groups are monotileable.

We would also like to note that it is conjectured to be the case that the
central quotient Ar/Z(Ar) of any irreducible Artin group Ar is acylindrically
hyperbolic. If this were true, Theorem A would show that all Artin groups are
monotileable, as they would be products of extensions of acylindrically hyper-
bolic groups by abelian groups. However, this conjecture is likely quite difficult.

We will briefly outline the argument behind the proof of Theorem A. Let G
be a group with Cayley graph I', and let FF C G be an arbitrary finite subset.
The main idea is to find an element z € G with very large translation length
that in some sense does not interact with F'. In particular, multiplying elements
of F on the left and right by powers of z should give one elements far away from
F in T' (with respect to the edge-path metric).

We show that the existence of such elements, which we call swingers, together
with I' being hyperbolic, implies that G is monotileable. In fact, taking z to
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be a sufficiently large swinger will make F' U {z} into a tile. One may think of
z as ‘swinging’ the set F' around by large enough distances, so that z can plug
the gaps in G and work to tile G. This idea is due wholly to Akhmedov, who
presented the argument in the setting of hyperbolic groups in [1].

Acylindrically hyperbolic groups have hyperbolic Cayley graphs, which have
an ideal boundary at infinity on which the group acts. We exploit the dynamics of
this action on the boundary to find swingers in acylindrically hyperbolic groups.
The aim here is essentially to find z that acts by translation along an axis
sufficiently far from fixed subspaces corresponding to a large ball about the
identity in I'. We recast this as a statement about fixed points of the action of
G on the boundary of I'. The main difficulty here comes from the fact that I"
may not be locally finite.

Acknowledgements. The authors would like to thank Azer Akhmedov for use-
ful correspondence, Marco Linton for helpful discussions on one-relator groups,
and Ashot Minasyan for careful reading of a draft of this paper.

2. PRELIMINARIES
We begin with a basic statement about tiling sets with two elements.

Lemma 2.1. Let G be a group, A a G-set, and B C A. Suppose there is g € G
such that Bg C B. If the order of g is even or infinite, B is a disjoint union of
subsets of the form {b,bg}, where b € B.

Proof. There is a subset C' C B such that B = | | . c(g). The claim thus follows
by observing that (g) = | ],,cz{1,g}¢*" when g has even or infinite order. O

2.1. Quasiisometries and quasigeodesics. Let X and Y be metric spaces.
Given A > 1, ¢ > 0, we say that f: X — Y is a quasiisometric embedding if

Ld(z,y) — e < d(f(2), f(y) < Md(z,y) +c,

for all z,y € X. We say that f is c-coarsely surjective if for every y € Y there
exists x € X such that d(y, f(z)) < c¢. If f satisfies both of the above, we call
it a (A, c¢)-quasiisometry. If a map p: [a,b] — X is a (A, ¢)-quasiisometric em-
bedding, we call it a (A, ¢)-quasigeodesic. Similarly, a quasiisometric embedding
p: [0,00) — X is called a quasigeodesic ray. We will often abuse notation and
identify a quasigeodesic (ray) as above with its image in X.

2.2. Hyperbolic spaces. We will recall some basic definitions and facts about
hyperbolic spaces and groups acting on them.

A triangle T in geodesic space X is said to be d-slim if there is § > 0 such
that each side of T is contained in a J-neighbourhood of the other two sides
A geodesic space X is said to be §-hyperbolic if each geodesic triangle in X is
d-slim.

Two quasigeodesic rays in a d-hyperbolic space X are called asymptotic if
they are within finite Hausdorff distance of one another. The relation of being
asymptotic is an equivalence relation. We call the set of equivalence classes of
asymptotic (1,200)-quasigeodesic rays 0X the boundary of X, and it carries a
natural topology under which X U0X is a completely metrisable Hausdorff space
containing X as a dense subset. We say that a ray £ in X converges to p € 0X
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if £ € p. For any z,y € X U0X, there is a (1,200)-quasigeodesic with endpoints
x and y [16, Remark 2.16].

If G acts by isometries X, this induces an action by homeomorphisms on 0.X.
The set AG of accumulation points of orbits of this action is called the limit set
of G. The limit set of G has either zero, one, two, or infinitely many points. In
the first three cases, the action is called elementary; in the last, nonelementary.
Note that when the action of G is nonelementary, AG is a perfect set (i.e. it
has no isolated points) [15, Theorems 2.10, 4.5]. If the action of G on X is
cobounded, then it is straightforward to see that AG = 0X.

For ease of reference, we record the following two standard facts. The following
is commonly referred to as the Morse lemma.

Lemma 2.2 ([12, Theorem 11.72, Lemma 11.75]). Let X be a hyperbolic geodesic
metric space. For every A\ > 1, ¢ > 0, there exists a constant p = (A, c) >0
such that the following holds.

If p is a geodesic with endpoints a,b € X UOX and q is a (X, ¢)-quasigeodesic
with the same endpoints as p, then the Hausdorff distance between p and q is
bounded above by .

The constant p(A,c) in Lemma 2.2 is sometimes referred to as the Morse
constant for (A, c¢)-quasigeodesics.

For the next statement we need an extra definition. Let zg,z1,22 € X U0X
be distinct points. Then a generalised triangle with vertices xg, x1, z2 is a
union of three, possibly infinite, geodesics pg, p1, p2 such that the endpoints p;
are x; and x;y1, where indices are taken modulo 3. More generally, if we relax
the p; to be (A, ¢)-quasigeodesic triangles, then we call the resulting figure a
(A, ¢)-quasigeodesic generalised triangle.

Lemma 2.3 ([12, Exercise 11.86]). Let X be a d-hyperbolic geodesic metric space.
Then every generalised triangle is 50-slim.

Combining Lemmas 2.2 and 2.3, one immediately deduces the following.

Lemma 2.4. Let X be a hyperbolic geodesic metric space. For every A > 1,
¢ > 0, there exists a constant 6’ = 0'(A\,¢) > 0 such that every (A, c)-quasi-
geodesic generalised triangle is &' -slim.

2.3. Acylindrical actions. Let G be a group acting by isometries on metric
space X. The action of G is called acylindrical if for every € > 0 there are
constants R, N > 0 such that the set

{9 € G| d(z,gz) <e,d(y,g9y) < e}

has at most N elements whenever z,y € X are such that d(z,y) > R.

An element g € G is called elliptic if it acts on X with bounded orbits. An
element g € G is called lozodromic if the map Z — X given by n — ¢"x is a
quasiisometric embedding for any x € X. A loxodromic element g € G fixes
exactly two points of 0.X, which we write as ¢°° and ¢~ . Two loxodromic ele-
ments g, h € G are said to be independent if the sets {g°°,g~>°} and {h>, h=>°}
are disjoint.

Acylindrical actions and their individual isometries have been classified. If G
acts acylindrically and the space X is hyperbolic, then every element is either
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elliptic or loxodromic [5, Lemma 2.2]. The actions are known to fall into the
trichotomy described below.

Theorem 2.5 ([20, Theorem 1.1]). Let G be a group acting acylindrically on a
hyperbolic space. Then either

o G has bounded orbits,
o G is virtually cyclic and contains a loxodromic element, or
o GG contains infinitely many independent loxodromic elements.

A group G is said to be acylindrically hyperbolic if it admits a nonelementary
acylindrical action on a hyperbolic geodesic metric space X. If such a space
X exists, then there exists a generating set S of GG such that the Cayley graph
I'(G,S) is hyperbolic and the action of G on I'(G,S) is nonelementary and
acylindrical [20, Theorem 1.2].

We will need the following fact about existence of loxodromic elements with
particular endpoints.

Theorem 2.6 ([15, Theorems 2.9, 4.5]). Let G be a group acting acylindri-
cally and nonelementarily on hyperbolic space X. Then for any pair of disjoint

nonempty open sets U,V C AG, there is a loxodromic element g € G with
g el and g V.

3. FIXED POINTS AT INFINITY

Throughout this section we take X to be a d-hyperbolic geodesic metric space
and G a group with an acylindrical, nonelementary action on X by isometries.
The goal of this section is to study fixed subsets of 3X under the induced action
of G by homeomorphisms. We introduce the following notation. Given g € G,
we write

fix(g) ={p€0X:g9-p=p}

The following two lemmas are well-known, but to the knowledge of the authors

do not appear in the literature.

Lemma 3.1. Let g,h € G be lozodromic elements. Then fix(g) and fix(h) are
either disjoint or equal.

Proof. Suppose that g and h share at least one fixed point p € 0X. By Theo-
rem 2.5, the subgroup (g, h) is either virtually cyclic or contains infinitely many
independent loxodromic elements. In the former case, g and h are commen-
surate, and so fix(g) = fix(h). In the latter case, (g, h) contains a loxodromic
element not fixing p, which is a contradiction. O

Lemma 3.2. Let p,q € 0X be distinct. Then the stabiliser of {p,q} is either
virtually cyclic and contains a loxodromic element, or is finite.

Proof. Denote by N < G the stabiliser of {p,q}. Passing to an index two sub-
group if necessary, we may assume that N fixes both p and ¢q. Let £ be a bi-infinite
quasigeodesic with endpoints p and ¢q. As N fixes p and ¢, s - £ is quasigeodesic
lying a uniform finite Hausdorff distance from ¢ for any s € N.

By 2.5, N either acts with bounded orbits, is virtually cyclic containing a
loxodromic, or contains independent loxodromic elements. The final case may
not occur, as N would contain a loxodromic element not fixing either p or q.
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Suppose, then, that N is not virtually cyclic containing a loxodromic. Then
the orbits of N are bounded in X. It follows that the diameter of the orbit Nz
is uniformly bounded for any x € ¢. Picking x,y € ¢ sufficiently far apart, the
definition of acylindricity implies that N is finite. O

Since the action of G is nonelementary, X contains more than two points.
The following is then a straightforward consequence of the above lemma.

Corollary 3.3. The pointwise stabiliser N = {g € G : fix(g) = 0X} of the
boundary is a finite normal subgroup of G.

The following statement will also be helpful.

Lemma 3.4. Let g € G be loxodromic and let h € G be such that h- g™ # g—°.
There exists N € N such that the element hg™ is also loxodromic for alln > N.
In particular, hg™ has infinite order.

Proof. Write X = X UOX for the completion of X with its boundary. Let
U and V be open neighbourhoods in X of g>° and g~ respectively such that
UNV=0,UUV#X,and UNV = 0.

We have that hU and V are open neighbourhoods of h - ¢*° and g~>° with
RUNV =0 and kU UV # X. Moreover, by [15, Proposition 4.4] there is some
N e N such that g" ()A( — V) is contained in U for all n > N (see the definition of
contractive G-completion in [15, §2]). Therefore, hg™(X — V') is contained in hU.

Now applying [15, Lemma 2.6, Corollary 4.5], we have that hg" is loxodromic
for all n > N. O

Lemma 3.5. For any K > 0 there is a constant M = M (X, ¢, K) > 0 such that
the following is true.

Let x € X and let g € G be such that d(z,gx) < K. Suppose that fix(g) is
non-empty and let p € fix(g). If £ is a (N, ¢)-quasi-geodesic ray in X emanating
from x and converging to p then for all y € £ we have that d(y, gy) < M.

Proof. Using Lemma 2.4, fix ¢’ > 0 such that any ideal (), ¢)-quasi-geodesic
triangle is ¢’-slim. Let p = p(A,¢) > 0 be the Morse constant for (), ¢)-quasi-
geodesics as in Lemma 2.2. Consider the (), ¢)-quasi-geodesic triangle T' =
(U gl U [z, gx], where [z, gx] is some choice of geodesic path connecting x to gx.
We have that T is §’-slim. Fix y € £ and write L = d(y,z). If L < ¢’ + K, then
choosing M = 2§’ + 3K would give that

d(y,gy) < d(y,») +d(z,gz) +d(gr,g9y) <2L+ K =M

and we are done. Therefore we suppose otherwise, that L > ¢ + K. By the
§’-slimness of T' there exists some z € £ U [z, gz| such that d(gy, z) < ¢’. By our
assumption on L and the fact that d(z, gx) < K, it must be z € £. We will show
that d(y, z) is uniformly bounded above, which implies the lemma.
Parameterise ¢ as a (), ¢)-quasi-isometric embedding ¢ : [0,00) — X. Choose
a,b > 0 such that ¢(a) =y, £(b) = z. We assume without loss of generality that
a < b. The other case is similar. Let ¢ = [z, z] be a geodesic connecting = to
2. Then y is contained in the pu-neighbourhood of q. Choose 3’ € ¢ such that
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d(y,y") < p. We have that
d(z,z) = d(z,y) + d(V/, 2)

>d(z,y) —p+d(y,2) —p

=d(y,z)+ L —2p.
We also have that

d(z,z) < d(z,gy) +d(gy, gz) + d(gz, z)
<d+L+K.
Combining the above, we deduce that
d(y,z) < K+ +2pu,

so that lemma follows from setting M = max{20’ + 3K, K + 20" + 2u}. O

For the remainder of the section we will assume that the action of G is such
that AG = 0X.

Lemma 3.6. Given g € G, either fix(g) = 0X or fix(g) is nowhere dense.

Proof. Suppose that fix(g) # 0X and that it is not nowhere dense. Since fix(g)
is closed, there is an open subset U C fix(g). Let V' C 90X be an open set disjoint
from fix(g). By Theorem 2.6, there is loxodromic a z with 2> € U and 2= € V.
Now 29 is a loxodromic with (29)®° = g-2°° = 2® but (29)"® = g2 # 27,
contradicting Lemma 3.1. (|

Lemma 3.7. Fiz x € X and let B C G be a subset with diam(Bx) < co. Then
there is N € N such that for every p € 0X, there exists a neighbourhood U of p
such that

{b € B :fix(b)nU # 0}| < N.
In particular, if fix(b) is discrete for every b € B, then so is | J,cp fix(D).

Proof. Write K = diam(Bxz) < oco. Let p € 0X. Take ¢ to be a (1,200)-
quasigeodesic ray emanating from z and converging to p. By Lemma 2.2, there
is & > 0 for which (1,204)-quasigeodesic triangles in X U X are §'-slim. By
Lemma 3.5, there is M = M (1,200, K) > 0 such that d(y,by) < M for any y € ¢
and b € B. Let R,N > 0 be the constants provided by acylindricity, applied
with e = M +2¢". Let U C 9X be a neighbourhood of p such that for any point
qg € U, a (1,200)-quasigeodesic ray emanating from z converging on ¢ has an
initial segment of length 2R that lies in a ¢’-neighbourhood of an initial segment
of ¢ of the same length.

Suppose that there are n distinct elements by, ...,b, € B with ¢1....,¢q, € U,
where ¢; € fix(b;). Let ¢; be (1,200)-quasigeodesic rays from x to ¢; for each i,
and again observe that by Lemma 3.5, d(z,bz) < M for any z € ¢; and b € B.
Take y € £ with R < d(x,y) < 2R, so that for each i there is a point z; € ¢; with
d(y, z;) < ¢'. Then for each i, we have

d(y, biy) < d(y, zi) + d(2i, bizi) + d(bizi, biy) < M + 25

Of course, d(z,b;z) < K < M, so acylindricity implies that n < N. The lemma
follows. O

Lemma 3.8. Fiz v € X and let B C G be a subset with diam(Bz) < oco. If
fix(b) # 0X for all b € B, then |, g fix(b) is nowhere dense.
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Proof. Write C = |J,c fix(b). If the closure C' contains an open set V, there is
p € VNC. Let U be the neighbourhood of p provided by Lemma 3.7, so that U
only meets finitely many of the sets fix(b). By Lemma 3.6, each fix(b) is nowhere
dense. Therefore U NC is the union of finitely many nowhere dense subsets, and
hence is nowhere dense. But then U NV is an open set contained in the closure
of U NC, a contradiction. O

The following corollary is immediate from Lemma 3.7. We do not use it here,
but include it as it may be useful for applications.

Corollary 3.9. There is N > 0 such that if g € G is elliptic with fix(g) # 0,
then g has order at most N.

4. SWINGERS AND TILES

Let G be a countable group, and let S denote a (possibly infinite) generating
set. We will denote by |-| = |- |g the word length of an element of G' with
respect to S, and d = dg for the associated edge-path metric on I'(G, S). Let us
introduce the following technical terminology.

Definition 4.1 (Swingers). Given r > 0, we say that an element z € G is an
r-swinger with respect to S if z is loxodromic in I'(G, S), and for every b € G
with 1 < [b] <r

|22 | > |2
for each 7,5 € {1,—1}, m > 1.

The nomenclature above is motivated by the dynamics of such elements. One
can imagine that conjugating a swinger element z by such short elements b has
the effect of ‘swinging’ z around, causing it to point in a totally different direction
from both z and z~!. The following lemma illustrates this intuition.

Lemma 4.2. Let z € G be an r-swinger with respect to S. Then for all b € G
with 1 < |b| < 7, the subgroup (z, 2°) is not virtually cyclic.

Proof. Suppose otherwise, that H = (z, 2°) is virtually cyclic. Then both (z) and
(%) have finite index in H. Thus the intersection (z) N (z%) has finite index in H,
and in particular is non-trivial. Thus there are ny,ng # 0 such that (2™)? = 2"2.
We treat the case that nqy > no > 1, for the other cases are similar. Since z is
an r-swinger, we have that for any m > 1,

)Zm(m—nz)

— ‘Z—ngmznlm’ — ‘(me)bzmm > |Zn1mbzn1m‘ —r> |Zn1m| —r

As z is loxodromic, the map n — 2™ is a (A, ¢)-quasiisometry for some A > 1 and
¢ > 0. The above inequality thus yields
Am(ny —ng) + ¢ > %mnl —c—r

for all m > 1. However, since ny — no < ng, this inequality can only hold for
finitely many m: a contradiction. O

Definition 4.3. Let G be a group and let S C G be a generating set. We say
that I'(G, S) admits swingers if G contains an r-swinger with respect to S for
each r > 0.
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We will show that if a group G acts acylindrically on a hyperbolic Cayley graph
that admits swingers, then G is monotileable. The idea behind this argument
is essentially due to Akhmedov and appears in [1]. Recall that a subset Y of a
metric space is r-separated if d(x,y) > r for any distinct z,y € Y. We begin
with the following lemma.

Lemma 4.4. Let G be a group with generating set S and suppose that I'(G,.S)
is d-hyperbolic. For each r > 0, there is R = R(r,d) > 0 such that if z € G is
an r-swinger with |z| > R, the subset

D.,={x€G:|zz| <|z|+7r or |zz7t <|z|+r}.
1s r-separated.

Proof. Let x,y € D, , be distinct elements so that there are i, j € {1,—1} such
that ‘.%ZZ’ < |z|+r and ‘yzﬂ < |y| + r. Pick geodesics o = [1,22%], B = [1,y27],
and v = [z2%,y27]. Suppose for a contradiction that d(z,y) < r, so that we have
1< ’y‘lx‘ < r. Then since z is an r-swinger,

I = d(az', ') = |29y~ lazl] > |2
Therefore there is a point p of v with
- 1 » 1
(4.1) d@s,p) = g2 and  d(yd,p) = 412

By the d-slimness of the triangle v U [z, rz'| U [m,yzi], there is a point ¢ of
[z,z2"| U [x,y2’] such that d(p,q) < 4. If ¢ lies on [z, yz’] then

(g, x) = d(z,yz’) — d(gq,y=')
<zl +r = (d(p,yz’) —d(p, q))
<l tr
where the last inequality is an application of (4.1). It follows that
3
(4.2) d(p, ) < d(p,q) +d(g,2) < [ +7+20.

A similar argument gives the same upper bound when ¢ lies on [z, 2z%]. Now by
slimness of the triangle alUBU~, the point p lies in a -neighbourhood of aUS. We
may assume p lies in the §-neighbourhood of a point ¢ of «, with the other case
similar. Since « is a geodesic representing xz, we have ‘mz’| =d(1,t) +d(t, z2%).
Moreover, by (4.2) and the definition of ¢, we have that

3
d(z,t) < d(z,p) +d(p,t) < |2 + 7+ 30.

Then combining the above with the triangle inequality,

(4.3) ’ZL‘ZZ‘ >d(1,z) + d(z, z2") — 2d(z,t) > |z| + 3|2| —2r — 66.

Since x € D, ., the inequality |$z” < |z| 4+ r holds. Therefore (4.3) implies that
|z| < 2r + 44.

Now choosing R = 2r + 49 gives us the desired contradiction. O

We are ready to prove the main statement of this section.
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Proposition 4.5. Let G be a countable group with generating set S. Suppose
I'(G,S) is 6-hyperbolic and admits swingers. If the action of G on T'(G,S) is
acylindrical, then for any finite subset F' C G, there exists z € G such that
FU{z} is a tile for G. In particular, G is monotileable.

Proof. By translating F' in advance, we may assume that 1 € F. If |F| =1 then
F is already a tile of G. Thus, we assume that |F'| > 1, so that there is v € F
with v # 1. Write M = max{|g| : g € FUF~1} and let » = 4M + 1. Let
R = R(r,d) > 0 be the constant provided by Lemma 4.4.

Now, by assumption there is an r-swinger y € . Note that no nontrivial
b € G with |b| < r sends one endpoint of y in X to another. Indeed, otherwise
y and y® would either share a single fixed point in X, contradicting Lemma 3.1,
or generate a virtually cyclic subgroup, contradicting Lemma 4.2. Let N € N
be the number provided by Lemma 3.4 such that v~!4" has infinite order for all
n > N. We take z = y™ with n > N large enough to ensure |z| > R.

Let

C=C,,={zcG:|ez7t <|z|+r}.

By Lemma 4.4, the set D = D, , is r-separated. As C C D, the set C' is also
r-separated. We observe the following.

Claim 4.6. For all s € C, we have sv™'z € C.

Proof. For the first statement, note that v # 1 and |v| < r. Since s € C' C D and
D is r-separated, sv~! ¢ D. By definition of D, we have [sv~1z| > |sv™!| +r.
Then

I(sv7™12)2z7Y = st < [sv7tz| — 1 < |svtz| 41

Thus it follows from the definition of C that sv=1z € C.. O

Claim 4.6 tells us that Cv~'z C C, and we know v~ 'z has infinite order by
our choice of z. Hence by Lemma 2.1, there exists a subset C' C C' such that C
decomposes as the disjoint union

(4.4) C= |_| {s,s0712}.
seC’

We now begin tiling our group. Our candidate tile will be F'U {z}. For ease
of notation we write T'= F'U {z}. Let

A= U sv T
seC’
Observe that for any s € C, {s,sv"1z} C sv™!T, since {v,z} C T. Hence (4.4)
shows C' C A. We will show that the above union is in fact a disjoint union.
Claim 4.7. For any distinct s, s’ € C' we have sv™'T N s'v™ 1T = 0.
Proof. Suppose that sv='T'Ns’v~!T is non-empty. As s # s, one of the following
must hold:
(1) sv "' FNs'v tF # 0, or

(2) sv7lz € v F, or
(3) s'vlz € sv7lF.
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If the first case holds, then d(s,s’) < 4M < r, contradicting the fact that
C is r-separated. Suppose the second case holds, so that sv™ 'z € sv™!F.
Similarly to the first case, this implies that d(s’,sv=1'z) < r. Observing that
s’ € C,sv™'z € C by Claim 4.6, and that C is r-separated, it must be the case
that sv~!'z = s'. But this contradicts the fact that {s,sv=!z} and {s,s'v71z}
are disjoint as in (4.4). The final case may be dealt with identically. (]

In other words, we have that the translates of T by {sv™! : s € C'} are
pairwise disjoint and cover A. We now proceed to tile G — A by translates of T
in a naive way, picking remaining elements of minimal word length and covering
them with the images of z in T'. We show that the tiles we obtain in this fashion
are disjoint from both A and from one another.

Claim 4.8. If b ¢ A, then bz~'T'N A = (). Furthermore, if ¢ ¢ AUbz"1T and
|b| < |c|, then bz~ T Nez='T = 0.

Proof. To begin, note that for any = ¢ A, we have x ¢ C. It follows from the
definition of C' that

(4.5) ’xz_l‘ > x| 4.
An application of (4.5) gives that
}xzflz‘ = |z| < |:czfl‘ —r< ‘xzill + 7.

Thus, 2z~ € D for any = ¢ A. In particular, bz— € D and cz~! € D for b and
¢ as in the statement of the claim.

Let b ¢ A be an arbitrary element and suppose that bz~'7T' N A is non-empty.
By the definition of A we have that bz~'T' N sv™'T # ) for some s € C'. By
construction, we have that b ¢ A D sv™!T, and so either

(1) bz 'Fnsv™'F #(, or

(2) sv~lz € b7 F.
In both cases we will deduce a contradiction. Note that by Claim 4.6 we have that
sv™lz € O C D. Recall that bz~ € D since b ¢ A. In the first case above, note
that d(sv=!,b2~1) < 2M, and so we may deduce that d(s,bz~!) < 3M < r. But
this contradicts the fact that D is r-separated. In the second case, we see that
d(sv™1z,bz71) < r. Similarly, this contradicts the fact that D is r-separated.
Therefore bz~'T and A are disjoint.

Now suppose there is an element ¢ ¢ A bz~ 1T such that bz='T Ncz™1T is

not empty. Since b # ¢ one of the following three cases must hold:
(1) b€ cz™tF, or
(2) c€ bz F, or
(3) bz FNnez'F #0.
For the first case we have that b = cz~ 1t for some t € F. Then
b = ‘cz_lt’ > }cz_1| —t| > le|+r—1r=|c| > |b],

where the middle inequality follows from (4.5) and the fact that [¢| < r since
t € F. The second case immediately contradicts the construction of ¢, since
c ¢ bz~'T D bz"'F. In the third case, recall that bz=! € D and cz~! € D.
However, by assumption we have that d(bz~!, cz~!) < 2M < r, which contradicts
the fact that D is r-separated. O
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Write Ag = G and A; = A. We will proceed with tiling G — A by induction.
Let ¢ > 1 and suppose we have constructed a set A;. Let n € N be the minimal
natural number for which there is b ¢ A; with [b] = n. We claim there is a
set A;4+1, formed of a disjoint union of A; and pairwise disjoint translates of T,
satisfying

minflg| : g & Aiy1} > n.
Indeed, since G is countable we may enumerate the elements of G — A; with

word length n. Let {g1,g2,...} be such an enumeration and write Agl) = A;

and n; = 1. Now for any j > 1, let n; be the smallest natural number such that
In,; ¢ Uk<j gn,z tT. Claim 4.8 tells us that Az(]_l) and gnjz_lT are disjoint,

and also by induction that g,,z~'T, g, 21T are pairwise disjoint for all 1 <
k<l<j. Let

AV = AU Gn. 2 1T
7 7 nj :

Setting A;+1 = UjeN AZ(]), we readily see that gx € A;+1 for all £k € N. Hence
A4 satisfies the desired criterion. Now by construction, the sets {A; : i € N}
form a nested family of subsets that exhaust G. Since each A; is comprised of
disjoint translates of T'= F U {z}, the set F'U {z} is a tile for G. O

Remark 4.9. We note that in the proof of Proposition 4.5, we only use the
boundedness of the set F' with respect to dg, rather than the finiteness. Com-
bined with the results of the next section, one sees that if G is acylindrically
hyperbolic with no nontrivial finite normal subgroup, then for any bounded sub-
set F' C G, there is z € G such that FU{z} is a tile for G. It may be of interest,
for example then, that any subset of a hyperbolically embedded subgroup of a
torsion-free group G can be extended to a tile of G by adding a single element.

5. FINDING SWINGERS IN ACYLINDRICALLY HYPERBOLIC GROUPS

In this section we take G to be an acylindrically hyperbolic group. As such,
there is a generating set S of G such that the Cayley graph X = I'(G,S) is
d-hyperbolic and the action of G on X by left translation is acylindrical, nonele-
mentary, and cobounded. Again, we will denote by |-| = |-|g the word length
of an element of G with respect to S, and d = dg for the associated edge-path
metric on I'(G, 5).

Lemma 5.1. Suppose that B C G is a bounded subset of G such that no element
of B fizes 0X pointwise. Then there is a loxodromic element z € G and an open
set U containing fix(z) such that U N fix(2%) = 0 for all b € B.

Proof. Write B’ = B U B2, and note that diam(B’) < co. By Lemma 3.8, the
set C = Upep fix(b) is not dense in dX. Hence there is an open set V' C 0X
disjoint from C. Applying Theorem 2.6, there is a loxodromic element z € G
with fix(z) C V. We will first show that no element of B setwise fixes fix(z).

Let b € B and suppose that 2> = (2°)®. Now (2%)* is exactly the translate
b-2%°, and so b fixes z®°. Thus, 2>° € C, which contradicts the fact that z>° € V.
Similarly, if 27°° = (%)= then 2~ € C, which is again a contradiction.

It remains to show that (2°)>® # 27 or (2/)™>° # 2. If either of these
conditions fails, then z° and z share the same fixed points by Lemma 3.1. Thus
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b permutes the set {2°°, 27}, and so b? fixes it. But then {2 2=} C C,
contradicting the construction of z.

Since B is bounded, we have that diam({z°: b € B}) < co. Moreover, fix(z")
is discrete for every b € B, so by Lemma 3.7 we have that

A= fix(z"

beB

is discrete. In particular, since fix(z) is discrete and disjoint from A, there is
some neighbourhood U of fix(z) which is disjoint from A. O

We show that the dynamical condition obtained above can be used to find a
swinger. The following lemma is standard.

Lemma 5.2. For every A > 1, ¢ > 0, and s > 0, there exists t = t(\,¢,s) > 0
such that the following holds. Let x,y € G be lozodromic elements such that
(x*-y*)1 < s, and the inclusions of (x) and (y) into G are (X, ¢)-quasiisometric
embeddings. Then

d(z"™,y") > [=™] + |y"| - t.
for any n,m > 1.

Proof. Since (x™ - y>°); < s, we have by definition that

liminf(z’ - y7); < s.

1,j—00
Let m,n > 1. Choose M, N > 1 such that m < M, n < N, and (acM-yN>1 < s.
Let p = [1,2M], ¢ = [1,4"] be geodesics. By the Morse lemma, we have that
there exists p = p(A, ¢) > 0 such that 2™ lies in the p-neighbourhood of p and
y™ lies in the p-neighbourhood of ¢. Fix @ and b be points on p and ¢ such that
d(z™,a) < p and d(y",b) < p. Since p and ¢ are geodesics and (zM - yN); < s,
we have that (a - b); < s also. Thus, by the definition of the Gromov product,
we see that

d(a,b) > |a| + |b] — 2s.
In particular, we deduce that
d(@™,y") > [« + [y"*| — 25 — 4p.
Setting t = 2s + 4u, we are done. O

Lemma 5.3. Let B be a bounded subset of G—{1} and let z € G be a lozodromic
element. Suppose that U is an open subset containing fix(z) such that for every
b € B we have that U N fix(z%) = 0. Then there is M € N such that for any
m>M,i,j€{£l}, b€ B we have that

22| > |2™.

Proof. We consider the case where ¢ = j = 1, and note that the others follow
from identical reasoning.

Let s > 0 be the supremum of all s such that the basic open sets U (2>, s) are
contained in U (see [16, Definition 2.13] for definitions). Then for all b € B, we
have that (2> - (2°)™>); < s. As B is bounded, there exist uniform constants
A > 1, ¢ > 0 such that for all b € B U {1}, the inclusions of (z°) into G are
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(A, ¢)-quasiisometric embeddings. Let ¢t = t(\, ¢, s) be as in Lemma 5.2, then for
every m > 0, b € B we have that

(5.1) d(bz""b7 1, 2™) > [bz b 4 |27 — ¢

Let R = max{|b| : b€ BU B~} < 0o. Now, fix some arbitrary b € B. We have
that d(z°,bz) = d(1,b) < R. Hence, we see that

d(bz™, z7™) > d(bz"™b "%, 2™) — R.
Combining this with (5.1), we obtain
|2"bz™| = d(bz™, 27™) > |[bz™| + || —t — 2R.

We also have by the triangle inequality that [bz™| > |2™|—R. Hence, we conclude
that |2"b2™| = d(bz™, z7™) > 2|2™| — t — 3R. Rearranging, we write

(5.2) 12mbz™] > 2™ + (|2™] — t — 3R).

As z is a loxodromic element, |2™| — oo as m — oo. That is, there is M € N
such that [2™] >t + 3R for all m > M. Hence by (5.2) we have [z™bz™| > |2
Since b € B was arbitrary and ¢, R and M do not depend on the choice of b, the
result follows. O

Proposition 5.4. Suppose that G contains no nontrivial finite normal sub-
groups. Then X =T'(G,S) admits swingers.

Proof. Let r > 0 and B ={be€ G :1< |b] <r}. We show that G contains an
r-swinger z € G. Together with the assumption that G contains no finite normal
subgroup, Corollary 3.3 tells us that no nontrivial elements of G pointwise fix
0X. Thus we may apply Lemma 5.1 to find a loxodromic element y € G and
an open subset U containing fix(y) such that U N fix(y®) = 0 for all b € B.
Now Lemma 5.3 tells us that there is M € N such that |yimbyjm‘ > |y™| for all
m > M, i,j€{l,—1}, and b € B. It follows that z = y™ is an r-swinger with
respect to S, completing the proof. O

6. MAIN RESULTS
We may now prove the main results from the introduction.

Proof of Theorem A. We begin by showing that a countable acylindrically hy-
perbolic group G is monotileable. By [11, Theorem 6.14], G contains a maximal
finite normal subgroup K <1 G. The quotient G/K is again acylindrically hy-
perbolic [19, Lemma 3.9], and contains no nontrivial finite normal subgroups.
Now combining Propositions 4.5 and 5.4 shows that G/K is monotileable. As
monotileability is stable under extensions by finite groups, GG is monotileable.
Now let G be an arbitrary acylindrically hyperbolic group. Let F' C G be
a finite subset. Since G is acylindrically hyperbolic, it contains at least two
independent loxodromic elements g, h € G. Then by Theorem 2.5, H = (F, g, h)
is a countable acylindrically hyperbolic subgroup of G containing F'. Therefore
F' extends to a finite tile of H. As the cosets of H are disjoint and cover G, it
follows that F'is contained in a finite tile of G. O

Proof of Corollary B. Let G be a group with one-relator presentation (S | ).
If S contains three or more elements then G is acylindrically hyperbolic [19,
Corollary 2.6], whence it is monotileable by Theorem A. Otherwise, combining
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[19, Proposition 4.21] and [6, Theorem 3.2|, G is either acylindrically hyper-
bolic, a generalised Baumslag—Solitar group, or a mapping torus of an injective
endomorphism of a finitely generated free group.

In the first case, we are done by Theorem A again. In the second case, we
observe that generalised Baumslag—Solitar groups are free-by-metabelian by a
result of P. Kropholler [17, Theorem C, Corollary 2]. Both free groups and
metabelian groups are monotileable, so free-by-metabelian groups are too. In
the final case, such groups are known to be residually finite by a result of Borisov
and Sapir [4, Theorem 1.2]. As residually finite groups are monotileable, the last
case is covered also. O

Proof of Corollary C. Let Ar be a two-dimensional Artin group. Recall that an
Artin group is called reducible if I' is a join of subgraphs I'y and I'y, and any edge
e € ET' — (ET'1 U ET2) has label 2, and irreducible otherwise. If Ar is reducible,
then Ar = Ap, x Ar,. Being monotileable is closed under products, so we may
restrict our attention to irreducible Artin groups.

If I" has a single vertex, then Ar is a cyclic group. If I' has two vertices, then
it is called a dihedral Artin group, and it is known that Ar is an extension of
a cyclic group by a free product of cyclic groups [10, Section 2]. Since being
monotileable is closed under extensions and free products, Ar is monotileable.
Finally, if I' has more than three vertices, then Ar is acylindrically hyperbolic
[24, Theorem A], whence Theorem A applies. O

We conclude with some questions. In [23, Theorem 1.5], Sisto shows that non-
virtually cyclic CAT(0) groups containing a rank one isometry are acylindrically
hyperbolic. Hence Theorem A applies to many CAT(0) groups. However, there
are CAT(0) groups that are not known to be monotileable (for example, the
groups constructed in [18] which are CAT(0), not acylindrically hyperbolic, and
not residually finite).

Question 6.1. Are CAT(0) groups monotileable?

The rank-rigidity conjecture posits that an infinite discrete group G acting
geometrically on an irreducible CAT(0) space X either contains a rank one
isometry, or else X is a higher rank Riemannian symmetric space or Euclidean
building [3]. It may be possible to leverage the geometry of the spaces in the
latter category to understand tilings.

Question 6.2. If G is a group acting geometrically on a (higher rank) symmetric
space or (Euclidean) building, is G monotileable?

Automatic and biautomatic groups form large classes of groups with auspi-
cious algorithmic and geometric properties. Hyperbolic groups are known to be
(bi)automatic, so it is natural to consider generalising to these classes.

Question 6.3. Are automatic groups monotileable? Or biautomatic groups?

Lastly, recall that many groups have been shown to have the stronger, uniform
tiling property known as CCC [13]. The geometric techniques in this paper allow
for tilings that are very far from being uniform, but it would be interesting to
see if they can be modified to obtain the CCC property.

Question 6.4. Do (acylindrically) hyperbolic groups have CCC tilings?
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