STRUCTURE OF QUASICONVEX VIRTUAL JOINS

LAWK MINEH

ABSTRACT. Let G be a relatively hyperbolic group and let @ and R be relatively quasiconvex
subgroups. It is known that there are many pairs of finite index subgroups Q' <; Q and
R’ <t R such that the subgroup join (Q’, R’) is also relatively quasiconvex, given suitable
assumptions on the profinite topology of G. We show that the intersections of such joins
with maximal parabolic subgroups of G are themselves joins of intersections of the factor
subgroups Q' and R’ with maximal parabolic subgroups of G. As a consequence, we show
that quasiconvex subgroups whose parabolic subgroups are almost compatible have finite index
subgroups whose parabolic subgroups are compatible, and provide a combination theorem for
such subgroups.

1. INTRODUCTION

The notion of a relatively hyperbolic group was proposed by Gromov [Gro87] as a gener-
alisation of word hyperbolic groups. The concept has been expanded on by various authors
[0si06, Bow12, Far98, DS05, GMO08]. A group G is said to be hyperbolic relative to a specified
collection of peripheral subgroups {H, |v € N'} when G exhibits hyperbolic-like behaviour away
from the subgroups in this collection. Archetypal examples of relatively hyperbolic groups in-
clude fundamental groups of finite volume manifolds of pinched negative curvature and small
cancellation quotients of free products, which are hyperbolic relative to their cusp subgroups
and the images of the free factors respectively.

In word hyperbolic groups, finitely generated subgroups may be very ill-behaved in general,
so it is often useful to consider the well-behaved class of quasiconver subgroups. Quasiconvex
subgroups play a central role in the theory of hyperbolic groups: they are exactly the finitely
generated undistorted subgroups of hyperbolic groups and are themselves hyperbolic. Anal-
ogously, in a relatively hyperbolic group there is the class of relatively quasiconver subgroups
which play a similar role to quasiconvex subgroups in hyperbolic groups. Relatively quasiconvex
subgroups are themselves relatively hyperbolic in a way that is compatible with the ambient
group. Finitely generated undistorted subgroups and parabolic subgroups (i.e., subgroups conju-
gate into the peripheral subgroups) form two basic classes of examples of relatively quasiconvex
subgroups.

The intersection of two relatively quasiconvex subgroups is always relatively quasiconvex
[Hrul0], though their subgroup join may not be. In a previous paper the author and Minasyan
establish the relative quasiconvexity of joins of finite index subgroups of relatively quasiconvex
subgroups, under some hypotheses on the profinite topology of the group. In particular, we often
require that our groups are QCERF, meaning that all finitely generated relatively quasiconvex
subgroups are closed in the profinite topology (see Subsection 2.3 for definitions and examples).

Theorem 1.1 ([MM22, Theorem 1.2]). Let G be a finitely generated group. Suppose that G is
QCERF hyperbolic relative to a collection of double coset separable subgroups and let Q, R < G be
finitely generated relatively quasiconvex subgroups. Then there are finite index subgroups Q" <y Q
and R' <y R of Q and R respectively such that (Q', R') is relatively quasiconve.
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In fact, the theorem above establishes the existence of many finite index subgroups of @ and
R whose join is relatively quasiconvex rather than just one pair, though the existential statement
is little technical. In this article we will be interested in the existence of families of finite index
subgroups @' < @Q and R’ < R quantified as follows:

(E) there exists L <y G with QNR C L such that for any L’ <; L satisfying QNR C L', there
exists M <y L' with Q@ N L' C M such that for any M’ <; M satisfying Q N L' C M’,
we can choose @' =QNM and " = RNM' <; R.

The reader less interested in technicalities may roughly interpret (E) as expressing that there
exist sufficiently many finite index subgroups Q' <y @ and R’ <; R for most purposes.

A relatively quasiconvex subgroup of a relatively hyperbolic group G is itself relatively hyper-
bolic with respect to its infinite intersections with maximal parabolic subgroups of G' [Hrul0].
It is natural to ask, then, about the structure of maximal parabolic subgroups of the relatively
quasiconvex joins (@', R') obtained from Theorem 1.1. The main goal of this paper is to establish
that @ and R’ can be chosen such that the intersection of (Q’, R’) with a maximal parabolic
subgroup of G is, up to conjugacy, itself a join of maximal parabolic subgroups of ' and R’.

Theorem 1.2. Under the conditions of Theorem 1.1, there is a family of pairs of finite index
subgroups Q' <y Q and R’ <y R as in (E) such that the following is true.

Suppose that P < G is a mazimal parabolic subgroup with (Q', R') N P infinite. Then there is
u € (Q', R') such that

(Q RYNP=u(QNK,R NnK)u™*,
where K = u~ ! Pu.

In fact, we obtain a stronger — though more technical — characterisation of (Q’, R') N P below
in Theorem 1.3. Note that the conjugator u in the above statement is strictly necessary: suppose
K < G is a maximal parabolic subgroup of G such that either Q' N K or R’ N K is infinite. Then
for any v € (Q', R'), the intersection (Q’, R') NvKv~™! contains v(Q' N K)v~! and v(R' N K)v~1,
and is therefore infinite. However, it may be that u € (Q', R’} is such that the subgroups Q' N P
and R’ N P are both trivial, where P = v ~! Ku. This precludes the possibility that they generate
(Q',RYNP.

Theorem 1.2 is a natural extension of a result of Martinez-Pedroza, which states that the
intersections (@', R’) N P are conjugate into either " or R’ in the special case that R is a
parabolic subgroup of G [MP09].

Given a maximal parabolic subgroup P < G, we say that @ and R are compatible at P if
QNP < RNPor RNP < QNP, and are almost compatible at P if QN RN P has finite index in
either QNP or RNP. If Q and R are (almost) compatible at every maximal parabolic subgroup
P < @G, then we say that @ and R have (almost) compatible parabolics. The notion of almost
compatible parabolics was introduced by Baker and Cooper in the setting of discrete subgroups
of Isom(H"™) [BCO08]. We may now state the stronger version of Theorem 1.2.

Theorem 1.3. Let G be a finitely generated QCERF relatively hyperbolic group, and let Q, R < G
be finitely generated relatively quasiconver subgroups. Suppose that either @Q and R have almost
compatible parabolics or that each peripheral subgroup of G is double coset separable. Then there
is a finite set IC of mazimal parabolic subgroups of G and a family of pairs of finite index subgroups
Q' <;Q and R' <5 R as in (E) such that the following is true.
Suppose that P < G is a mazimal parabolic subgroup with (Q', R') N P infinite. Then there is

an element u € (Q', R') such that either

(i) (Q,RYNP=uQu NP or

(ii) (Q',R'YNP=uRu" NP or
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(iii) (Q',R)YNP =uw(Q' NK,R N K)u~! where K = u='Pu is an element of K, and Q' and
R’ are not almost compatible at K.
Moreover, if either Q' NP or R' N P is infinite, then we may take u =1 in cases (i) and (i),
and u € Q' U R in case (iii).

We note that the set K is independent of the particular finite index subgroups Q' and R’
As an application of Theorem 1.3, we show that the condition of having almost compatible
parabolics can be virtually promoted to that of having compatible parabolics.

Corollary 1.4. Let G be a finitely generated QCERF relatively hyperbolic group. Suppose that
Q, R < G are finitely generated relatively quasiconver subgroups with almost compatible parabol-
ics. There are finite index subgroups Q' <; Q and R’ <; R such that Q' and R’ have compatible
parabolics.

In some special cases, Theorem 1.1 was known before [MM22]: see [MP09, Yanl12, MPS12,
McC19]. The extra assumptions appearing in each of these cases imply the condition that Q
and R have almost compatible parabolics. Moreover, in these cases it was determined that the
joins (@', R’) decompose as an amalgamated free product. Using Corollary 1.4, we unify and
generalise these results as follows.

Corollary 1.5. Let G be a finitely generated QCERF relatively hyperbolic group. Suppose that
Q, R < G are finitely generated relatively quasiconver subgroups with almost compatible parabol-
ics. Then there are finite index subgroups Q' <y Q and R' <j R such that (Q’, R') is relatively
quasiconvex and

(QR)=Q *qnr R

In general, almost compatibility is a necessary condition for Corollary 1.5 to hold. Indeed,
if @ and R are subgroups of the same abelian peripheral subgroup that do not have almost
compatible parabolics, then no pair of finite index subgroups Q' <; @ and R’ <; R will generate
an amalgamated free product over their intersection. Corollary 1.5 was known in the case when G
is a discrete subgroup of Isom(H") and @ and R are geometrically finite subgroups of G [BC08].

A relatively quasiconvex subgroup of G is said to be strongly relatively quasiconver if its
intersection with each maximal parabolic subgroup of G is finite, and full if its intersection
with each maximal parabolic subgroup of G is either finite or has finite index in that parabolic.
Strongly relatively quasiconvex subgroups are necessarily hyperbolic [Osi06, Theorem 4.16]. Note
that if either of @) and R are strongly quasiconvex or full, then they have almost compatible
parabolics. As a consequence of Theorem 1.3 one obtains the analogue of Theorem 1.1 for each
of these types of subgroups.

Corollary 1.6. Let G be a finitely generated QCERF relatively hyperbolic group, and let Q and
R be finitely generated relatively quasiconvex subgroups.

If Q and R are strongly (respectively, full) relatively quasiconvex subgroups, then there is a
family of pairs of finite index subgroups Q' <; Q and R’ <j R as in (E) such that (Q', R') is
also strongly (respectively, full) relatively quasiconve.

Remark 1.7. In the special case when either @) or R are full quasiconvex subgroups, a version
of Theorem 1.2 appears in unpublished preprint of Yang [Yan12], claiming that every parabolic
subgroup of (@', R') is conjugate into either " or R’ in this case. The statement of Corollary 1.6
for full quasiconvex subgroups also follows from this.

This paper is organised as follows. Section 2 contains the notation and terminology used in
this paper and collects preliminary results. In Section 3 we prove a general result on controlling
the parabolic subgroups of relatively quasiconvex subgroups. In Sections 4 and 5 we recall
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the construction of a shortcutting of a broken line and study properties of paths whose labels
represent parabolic elements. Section 6 recalls and generalises the terminology relating to path
representatives as developed in [MM22]. Sections 7 and 8 comprise the proofs of the main results.

1.1. Acknowledgements. The author would like to thank Ashot Minasyan for many helpful
discussions during the writing of the paper and Eduardo Martinez-Pedroza for comments that
helped improve the clarity of exposition.

2. PRELIMINARIES

In this section we will establish our use of notation, define relative hyperbolicity, and introduce
the basic terminology required in this paper. Along the way, we collect some auxiliary results.

2.1. Notation and terminology. We write N for the set of natural numbers {1,2,3...}, and
Ny for NU {0}.

Let G be a group. If H is a finite index (respectively, finite index normal) subgroup of G,
then we write H <y G (respectively, H <1y G).

Let A be a set with a map A — G. We say that A is a generating set for G if its image under
this map generates G. We denote by [g| 4 the length of the shortest word in A*! representing
g in G, letting |g| 4 = oo when there is no such word. If A is a generating set for G, then we
denote by T'(G, A) the (left) Cayley graph of G with respect to A. The standard edge path length
metric on I'(G, A) will be denoted d4(-,-). After identifying G with the vertex set of I'(G, A),
this metric induces the word metric associated to A: d4(g,h) = |g’1h|A for all g,h € G.

Abusing the notation, we will identify the combinatorial Cayley graph I'(G, .A) with its geo-
metric realisation. The latter is a geodesic metric space and, given two points z,y in this space,
we will use [z, y] to denote a geodesic path from z to y in I'(G, .A). In general I'(G, .A) need not
be uniquely geodesic, so there will usually be a choice for [z,y], which will either be specified
or will be clear from the context (e.g., if  and y already belong to some geodesic path under
discussion, then [z,y] will be chosen as the subpath of that path).

Suppose that 7 is a combinatorial path (edge path) in I'(G,.A). We will denote the initial and
terminal endpoints of v by - and -4 respectively. We will write £(vy) for the length (i.e., the
number of edges) of 7. We will also use 7~ to denote the inverse of , which is the path starting
at 74, ending at y_ and traversing ~ in the reverse direction. If ~+1,...,7, are combinatorial
paths with (v;)+ = (Vi41)—, for each i € {1,...,n — 1}, we will denote their concatenation by
Y- Un-

Since I'(G, A) is a labelled graph, every combinatorial path v comes with a label, which is a
word over the alphabet A*!. We denote by 7 € G the element of G represented by the label of
7. Finally, we write |y| 4 = [J]|4 = da(v—,7+). Note that the label of ! is the formal inverse

of the label of 7, so that |[y~!|4 = |y|4 and vy~ =7~ L

Definition 2.1 (Broken line). A broken line in T is a path p which comes with a fixed decompo-
sition as a concatenation of combinatorial geodesic paths p1,...,p, in ', so that p = pips...py.
The paths p1,...,p, will be called the segments of the broken line p, and the vertices p_ =

(1) (1) = (02)—+- . (Pu—1)+ = (pu)— and (pus1)+ = py will be called the nodes of p.

Remark 2.2. Any combinatorial subpath of a broken line p is again a broken line, with the
decomposition inherited from p. Moreover, the concatenation of broken lines is also a broken
line in the obvious way. We will freely use these facts without reference throughout the paper.

We will make use of the following elementary fact.

Lemma 2.3. Let G be an infinite group and let H, K < G be infinite subgroups. If all but finitely
many elements of H are contained in K, then H C K.
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Proof. Suppose that H \ K is finite, so that its complement (in H) H N K is infinite. Let
g € H\ K. As H\ K is finite and H N K is infinite, there is some h € H N K such that
hg ¢ H\ K. That is to say, hg € HNK. It follows that g = (h~!)(hg) € HN K, a contradiction.
Thus H \ K must be empty and H C K as required. O

2.2. Relatively hyperbolic groups.

Definition 2.4 (Relative generating set, relative presentation). Let G be a group, X C G a
subset and {H, |v € N'} a collection of subgroups of G. The group G is said to be generated by
X relative to {H, |v € N} if it is generated by X UH, where H = | |, o\ (H, \ {1}) (with the
obvious map X UH — G). If this is the case, then there is a surjection

F=F(X)x (x,enH,) = G,

where F(X) denotes the free group on X. Suppose that the kernel of this map is the normal
closure of a subset R C F. Then G can equipped with the relative presentation

(2.1) (X,H,,v e N|R).

If X is a finite set, then G is said to be finitely generated relative to {H, |v € N'}. If R is also
finite, G is said to be finitely presented relative to {H, |v € N'} and the presentation above is a
finite relative presentation.

With the above notation, we call the Cayley graph I'(G, X U H) the relative Cayley graph
of G with respect to X and {H, |v € N'}. Note that when X is itself a generating set of G,
dxun(g,h) <dx(g,h), for all g,h € G.

Definition 2.5 (Relative Dehn function). Suppose that G has a finite relative presentation (2.1)
with respect to a collection of subgroups {H, | v € N'}. If w is a word in the free group F(X UH),
representing the identity in G, then it is equal in F' to a product of conjugates

n

F H -1

w = a;T;a;
i=1

where a; € F and r; € R, for each i. The relative area of the word w with respect to the relative
presentation, Area” (w), is the least number n among products of conjugates as above that are
equal to w in F.

A relative isoperimetric function of the above presentation is a function f: N — N such that
Area™ (w) is at most f(|wl|), for every freely reduced word w in F(X U H) representing the
identity in G. If an isoperimetric function exists for the presentation, the smallest such function
is called the relative Dehn function of the presentation.

Definition 2.6 (Relatively hyperbolic group). Let G be a group and let {H,|v € N} be a
collection of subgroups of G. If G admits a finite relative presentation with respect to this col-
lection of subgroups which has a well-defined linear relative Dehn function, it is called hyperbolic
relative to {H, |v € N'}. When it is clear what the relevant collection of subgroups is, we refer
to G simply as a relatively hyperbolic group. The groups {H, |v € N'} are called the peripheral
subgroups of the relatively hyperbolic group G, and their conjugates in G are called mazimal
parabolic subgroups. Any subgroup of a maximal parabolic subgroup is said to be parabolic.

Lemma 2.7 ([Osi06, Corollary 2.54]). Suppose that G is a group generated by a finite set X
and hyperbolic relative to a collection of subgroups {H, | v € N}, and let H = | ], c\r(Hy \ {1}).
Then the Cayley graph T'(G, X UH) is §-hyperbolic, for some § > 0.

In order to understand the structure of paths in I'(G, X UH) it will be important to examine
the behaviour of subpaths labelled by elements of H. We collect the necessary definitions and
facts for our analysis below.
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Definition 2.8 (Path components). Let p be a combinatorial path in T'(G, X UH). A non-trivial
combinatorial subpath of p whose label consists entirely of elements of H, \ {1}, for some v € N,
is called an H, -subpath of p.

An H,-subpath is called an H,-component if it is not contained in any strictly longer H,-
subpath. We will call a subpath of p an H-subpath (respectively, an H-component) if it is an
H,-subpath (respectively, an H,-component), for some v € N.

Lemma 2.9 ([MM22, Lemma 5.10]). Let p be a path in I'(G, X UH) and suppose there is a
constant © > 1 that for any H-component h of p, we have |h|x < O. Then |p|x < OL(p).

Definition 2.10 (Connected and isolated components). Let p and g be edge paths in T'(G, X UH)
and suppose that s and ¢ are H,-subpaths of p and q respectively, for some v € N'. We say that
s and t are connected if s_ and t_ belong to the same left coset of H, in G. This means that
for all vertices u of s and v of ¢ either uw = v or there is an edge e in I'(G, X UH) labelled by an
element of H, \ {1} and e_ = u,e; =v.

If s is an H,-component of a path p and s is not connected to any other H,-component of p
then we say that s is isolated in p.

Definition 2.11 (Phase vertex). A vertex v of a combinatorial path p in I'(G, X U#H) is called
non-phase if it is an interior vertex of an H-component of p (that is, if it lies in an H-component
which it is not an endpoint of). Otherwise v is called phase.

Definition 2.12 (Backtracking). If all H-components of a combinatorial path p are isolated,
then p is said to be without backtracking. Otherwise we say that p has backtracking.

Remark 2.13. If p is a geodesic edge path in I'(G, X U H) then every H-component of p will
consist of a single edge, labelled by an element from H. Therefore every vertex of p will be phase.
Moreover, it is easy to see that p will be without backtracking.

Lemma 2.14 ([MM22, Lemma 5.12]). For any A > 1, ¢ > 0 and A > 0 there is a constant
& =&\ ¢, A) > 0 such that the following is true.

Suppose that p is a (X, ¢)-quasigeodesic path in T'(G, X UH) with an isolated H-component h
such that |h|y > &. Then |p|y > A.

Lemma 2.15. There is a constant & > 0 such that if v is vertex of a geodesic p in I'(G, X UH),
then dx (p-,v) < &olpl -

Proof. For A > 0 and A > 0, the constant (), 0, A) of Lemma 2.14 may be taken to be a multiple
of A that depends only on A (see equation (5.4) in the proof of [MM22, Lemma 5.12]). Thus
there is £y > 0 such that £(1,0,[p|y) = &|p|x. Now an application of Lemma 2.14 tells us that
if h is an H-component of p, then |h| < (1,0, |p|y) = &olp| -

Finally, noting that there are at most |p|y ;, < |p|x edges of p between p_ and v gives that
dx(p—,v) < §0|p|§( as required. O

In dealing with backtracking in broken lines, we make use of some more specialised terminology.

Definition 2.16 (Consecutive backtracking). Let p = p; ...p, be a broken line in I'(G, X UH).
Suppose that for some 7,5, with 1 < i < j < n, and v € N there exist pairwise connected
H,-components h;, hiy1,...,h; of the paths p;,pit1,...,p;, respectively. Then we will say that
p has consecutive backtracking along the components h;, ..., h; of ps, ..., p;.

A key property of relatively hyperbolic groups is that pairs of quasigeodesics in I'(G, X U H)
whose initial and terminal vertices are close fellow travel (with respect to a proper metric)
even when passing through cosets of the peripheral subgroups. In this paper, we use the below
formulation of this property.
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Definition 2.17 (k-similar paths). Let p and ¢ be paths in I'(G, X UH), and let k¥ > 0. The
paths p and ¢ are said to be k-similar if dx (p—,q-) < k and dx (p+,q+) < k.

Proposition 2.18 ([Osi06, Proposition 3.15, Lemma 3.21 and Theorem 3.23]). For any A >
1, ¢,k > 0 there is a constant k = k(\, ¢, k) > 0 such that if p and q are k-similar (X, ¢)-
quasigeodesics in T'(G, X UH) and p is without backtracking, then

(1) for every phase vertex u of p, there is a phase vertex v of q with dx (u,v) < k;
(2) every H-component s of p, with |s|y > k, is connected to an H-component of q.

Moreover, if q is also without backtracking then

(8) if s and t are connected H-components of p and q respectively, then

max{dx(s_,t_),dx(s4,t+)} < k.

Proposition 2.19 ([Osi07, Proposition 3.2]). There is a finite set @ C G and a constant L > 0
such that if P is a geodesic n-gon in I'(G, X UH) and some side p is an isolated H-component
of P then |p|o < Ln.

Remark 2.20. The previous result does not require that G is finitely generated. When G is
finitely generated we can always choose the generating set X such that 2 C X. In this setting
Ip|x < |plg, so we will replace the conclusion of the above with |p|y < Ln.

Definition 2.21. (Relative quasiconvexity) A subgroup @ < G is said to be relatively quasicon-
vezr with respect to {H, |v € N} if there is € > 0 for any vertex v of a geodesic in I'(G, X UH)
with endpoints in @, we have dx (v, Q) < e. Moreover, we will call any such £ > 0 a quasiconvezxity
constant of Q.

The following is a well-known elementary fact; a proof may be found in [MM22, Lemma 5.22].

Lemma 2.22. If Q < G is relatively quasiconvez, so is any conjugate or finite index subgroup

of Q.

Lemma 2.23. Let Q < G be a hyperbolic relatively quasiconvezr subgroup of G. Then for any
maximal parabolic subgroup P < G, the intersection Q N P is quasiconvex in Q. In particular,
Q N P is hyperbolic.

Proof. Recall that @ is hyperbolic relative to a collection of Q-conjugacy class representatives
of infinite subgroups of the form @ N H, where H < G is a maximal parabolic subgroup of G
[HrulO, Theorem 9.1]. Thus if @ N P is infinite, it is a maximal parabolic subgroup of @ and is
undistorted in @ by [Osi06, Lemma 5.4]. It follows that @ N P is quasiconvex in @ and hence
hyperbolic [BH99, Proposition III.I".3.7]. On the other hand, if Q N P is finite then it is trivially
hyperbolic. O

Martinez-Pedroza and Sisto proved the following combination theorem for relatively quasi-
convex subgroups with compatible parabolics.

Theorem 2.24 ([MPS12, Theorem 2]). Let Q and R be relatively quasiconver subgroups with
compatible parabolics, and let S" <; S = QN R be a finite index subgroup of their intersection.
There is a constant M = M(Q, R, S") > 0 such that the following is true.

If Q' < Q and R' < R satisfy Q@ NR' = 5" and |g|y > M for all g € (Q"UR')\ S, then
(Q', R') is relatively quasiconvex and (@', R') = Q" s/ R'.
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2.3. Profinite topology. Any group G can be equipped with the profinite topology, which is
based by left cosets of finite index subgroups of G. A subset of G is said to be separable if it
is closed in the profinite topology on G. A group G is said to be residually finite if the trivial
subgroup is separable, LERF if every finitely generated subgroup of G is separable, and double
coset separable if every product of two finitely generated subgroups of G is separable. Each
of these properties pass to subgroups and finite index supergroups. As an example, polycyclic
groups are known to be double coset separable [LW79].

A relatively hyperbolic group is called QCERF' if each of its finitely generated relatively
quasiconvex subgroups is separable. Whether all groups hyperbolic relative to a collection of
LERF and slender (i.e. every subgroup is finitely generated) subgroups are QCERF is equivalent
to a well-known open problem [MMP10, Theorem 1.2]. Many common examples of relatively
hyperbolic groups are known to be QCERF, for example limit groups [Wil08], C’(1/6) small
cancellation quotients of LERF groups [EN21, MMP10, Theorem 1.7], and geometrically finite
Kleinian groups [Agol3].

Our use of the profinite topology in this paper goes through the following elementary fact.

Lemma 2.25. Let G be a group, H < G a separable subgroup, and U C G a finite subset of G
with HNU = (. Then there is a finite index subgroup G' <y G with H C G’ and G'NU = (.
Moreover, if H is normal, G' may be taken to be a finite index normal subgroup of G.

Proof. Write U = {uq,...,un}. As H is closed in the profinite topology, it is the intersection
of the finite index subgroups containing it. Thus, for each ¢ = 1,...,n there is G; <y G with
H C G; and u; ¢ G;. Then G' = 0?21 G; <y G satisfies the lemma statement. When H is
normal is G, we may replace each G; with its normal core to obtain the latter statement. (I

3. CONTROLLING PARABOLIC SUBGROUPS IN RELATIVELY HYPERBOLIC GROUPS

For this section, we let G be hyperbolic relative to {H, | v € N'} with finite relative generating
set X, and let L > 0 be the constant and 2 C G be the finite set provided by Proposition 2.19.

Proposition 3.1. Leta,b € G and \,v € N be such that aHya™" # bH,b~'. Then each element
of aHxa™ ' NbH,b™" is conjugate to an element h € G with |h|g, < 4L.

Proof. Conjugating if necessary, we may assume that a = 1. Further, suppose that b € G is
such that |b|y , is minimal among elements in the coset Hxb. Now let g € Hy N bH,b~! be a
nontrivial element, and let h € H, be such that g = bhb~!.

Let v be a geodesic in I'(G, X U#H) with v— = 1 and v = b. Further, let u be the Hy-edge
of T(G,X UH) with u_ =1 and ¥ = g, and let v be the H,-edge of I'(G, X UH) with v_ =b
and ¥ = h. Note that v, = bh = gb by definition, so that v/ = g -+ (i.e. the translate of v by g)
has endpoints w4 and vy. Now consider the geodesic quadrilateral ¢ with sides u, v, v, and 7'.
We will show that u is isolated in Q.

If v and v are connected, then we must have A = v and both u_ = 1 and v_ = b lie in the
same Hy-coset. However, this means that Hy = bH,b~!, contrary to the assumption. Therefore
u must be connected to an Hy-component s of either v or 4. We suppose, without loss of
generality, that s lies in 7. Since u and s are connected and y_ = u_ = 1, the endpoints of s
satisfy dxun(s—,v-) <1 and dxun(s+,7—) < 1. Therefore s must be the initial edge of -, for
otherwise the geodesicty of +y is contradicted. But then 5~'b € Hyb and

|F§716|XU7L£ =dxun(5,0) = dxun(s+,7+) < [Vxun = 10lxun

contradicting the minimality of b.
As s cannot contain v or be an Hy-component of v or v/, u is isolated in Q. Proposition 2.19
then tells us that |g|, = |u|, < 4L, as required. O
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As the set (Q is finite, there are only finitely many elements of G whose length with respect to
Q is less than any given number. The following is then immediate.

Corollary 3.2. There are finitely many conjugacy classes of elements in G belonging to more
than one mazximal parabolic subgroup.

We can use the above to control the intersections of relatively quasiconvex subgroups with
maximal parabolic subgroups in a residually finite hyperbolic group.

Proposition 3.3. Suppose that G is residually finite, and let Q < G be a relatively quasiconvex
subgroup. Then there is a finite index subgroup Q' <; Q such that for any mazimal parabolic
subgroup P < G, the subgroup Q' N P is either infinite or trivial.

Proof. Let S be a set of representatives of conjugacy classes of nontrivial elements of G belonging
to more than one maximal parabolic subgroups of G. Corollary 3.2 tells us that the set S is
finite. That G is residually finite means exactly that the trivial subgroup {1} is separable, and
{1} NS = 0 so Lemma 2.25 gives us a finite index normal subgroup G; <y G with G; NS = 0.
As GG7 is normal, it thus contains no nontrivial elements that belong to more than one maximal
parabolic subgroup of G.

Let Q1 = G1NQ <y Q. Now by [Osi06, Theorem 4.2], there are only finitely many conjugacy
classes of finite order hyperbolic elements in @1 (an element of G is called hyperbolic if it is not
conjugate to an element of H, for any v € ). Similarly to before, by residual finiteness there
is Q" <y Q1 excluding each of these elements by Lemma 2.25.

We will show that the subgroup @’ <y @ has the desired property. Let P be a set of maximal
parabolic subgroups of G such that @) is hyperbolic relative to the collection of infinite subgroups
{Q'NH|H € P} (see [Hrul0, Theorem 9.4]). Let P < G be a maximal parabolic subgroup of
G, and suppose that Q' N P is nontrivial. If Q' N P contains an element of infinite order then
we are done, so suppose € Q' N P is a nontrivial element of finite order. By construction,
Q' contains no elements of finite order that are hyperbolic in (1, so z must be parabolic in
Q1. That is, there is ¢ € Q1 such that grg~' € Q; N H for some H € P. It follows that
r€EQiNPNg'HqgC GyNPNqg 'Hg whence we must have P = ¢~ ! Hq by the definition of
(1. This implies that

QNP=QiNg 'Hg=q(@ NH)g"!
and since Q1 N H is infinite, @1 N P is infinite as well. The result then follows by noting that
Q' N P has finite index in Q1 N P. O

4. QUASIGEODESICS AND SHORTCUTTINGS

Convention 4.1. For the remainder of this paper, we will use the convention that G is a
group with finite generating set X and G is hyperbolic relative to the subgroups {H, |v € N'}.
@ and R will be finitely generated relatively quasiconvex subgroups of G, and we will denote
S = QN R. Moreover, § > 0 will be a hyperbolicity constant for I'(G, X UH) and € > 0 will be
a quasiconvexity constant for both @ and R.

In this section we recall the construction of the shortcutting of a broken line in I'(G, X U H)
from [MM22, Section 9] and show that shortcuttings of broken lines satisfying certain metric
conditions have nice properties. Analysing shortcuttings of broken lines comprises the main
technical tool that we use to understand elements of joins of subgroups of G.

Procedure 4.2 (O-shortcutting). Fix a natural number © € N and let p = p; ... p, be a broken
line in I'(G, X UH). Let vg, ..., vq be the enumeration of all vertices of p in the order they occur
along the path (possibly with repetition), so that v = p_, vq = p4 and d = £(p).
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We construct broken lines X(p, ©) and 3¢(p, ©), which we call ©-shortcuttings of p, which
come with a finite set V(p,0) C {0,...,d} x {0,...,d} corresponding to indices of vertices of p
that we shortcut along.

In the algorithm below we will refer to numbers s,t, N € {0,...,d} and a subset V C
{0,...,d} x {0,...,d}. To avoid excessive indexing these will change value throughout the
procedure. The parameters s and t will indicate the starting and terminal vertices of subpaths of
p in which all H-components have lengths less than ©. The parameter N will keep track of how
far along the path p we have proceeded. The set V' will collect all pairs of indices (s,t) obtained
during the procedure. We initially take s =0, N =0 and V = ().

Step 1: If there are no edges of p between vy and vy that are labelled by elements of H, then
add the pair (s, d) to the set V' and skip ahead to Step 4. Otherwise, continue to Step 2.
Step 2: Let t € {0,...,d} be the least natural number with ¢ > N for which the edge of p with
endpoints v; and v¢41 is an H-component h; of a geodesic segment p; of p, for some

ie{l,...,n}
If i = n or if h; is not connected to a component of p;;; then set j = i. Otherwise,
let j € {i+1,...,n} be the maximal integer such that p has consecutive backtracking

along H-components h;, ..., h; of segments p;,...,p;. Proceed to Step 3.
Step 3: If

max{|hk|x‘k:i7...,j}2®,

then add the pair (s,t) to the set V' and redefine s = N in {1,...,d} to be the index of
the vertex (h;)4 in the above enumeration vy, ..., vq of the vertices of p. Otherwise let
N be the index of (h;)4, and leave s and V' unchanged.
Return to Step 1 with the new values of s, N and V.
Step 4: Set V(p,0) = V. The above constructions gives a natural ordering of V(p, ©):

V(p,0) ={(s0,t0)s---, (Sm,tm)},

where s <t < sg4+1, for all k =0,...,m — 1. Note that s; = 0 and t,, = d. Proceed
to Step 5.

Step 5: For each k =0, ..., m, let fx be a geodesic segment (possibly trivial) connecting vs, with
vy,,. Similarly for each k = 0,...,m let p) be the (possibly trivial) subpath of p with
endpoints v,, and vy, . Note that when k < m, v;, and v, , are in the same left coset
of H,, for some v e N. If vy, = s, ., then let ey be the trivial path at vy, , otherwise let
ex be an edge of I'(G, X UH) starting at vy, , ending at v,,,, and labelled by an element
of H,\ {1}.

We define the broken line X(p, ©) to be the concatenation foeq fies ... fr—1€mfm. We
also define the broken line ¥y(p, ©) to be the concatenation pjeipies ... ph,_1€mP,-

Remark 4.3. Suppose that p is a broken line in T'(G, X UH), © € N, and let Xo(p,0) =
pheipies ... ph,_1empl, be the shortcutting obtained from Procedure 4.2 For each i = 0, ...m the
subpath p] is a broken line, each of whose segments contain no H-components h with |h|, > ©.
In particular, if ©® = 1 then the paths pj, ..., p}, contain no edges labelled by elements of H.

We recall also the definition of tamable broken lines, which serve as the prototypical input for
Procedure 4.2.

Definition 4.4 (Tamable broken line). Let p = p; ...p, be a broken line in I'(G, X UH), and
let B,C,{ > 0,0 € N. We say that p is (B, C,(,©)-tamable if all of the following conditions
hold:

(i) |pilx = B, fori=2,...,n—1;

(i1) ((pi)—, (pi+1)+>f;f)+ <C,foreachi=1,...,n—1;
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(ili) whenever p has consecutive backtracking along H-components h;, ..., h;, of segments
Dis ..., Dj, such that

max{|hk|X‘k:i,...,j} >0,
it must be that dx ((hi)_, (hj)+) > ¢

One of the central technical results obtained in [MM?22] is the following.

Proposition 4.5 ([MM22, Proposition 9.4]). Given arbitrary C > 14§ and n > 0 there are
constants X = A(C) > 1, ¢ = ¢(C) > 0 and { = {(n,C) > 1 such that for any natural number
O > ( there is By = By(©,C) > 0 satisfying the following.

Letp =p1...pn be a (Bg, C, ¢, ©)-tamable broken line in I'(G, XUH) and let X(p, ©) be the O-
shorteutting, obtained by applying Procedure 4.2 to p, with X(p,©) = foe1f1-.. fm—1emfm. Then
er s non-trivial for each k =1,...,m and X(p, ©) is (), ¢)-quasigeodesic without backtracking.

Moreover, for any k € {1,...,m}, if we denote by e}, the H-component of X(p,0) containing
ek, then |ey| > .

As part of the proof of the above, one obtains the following under the same hypotheses:

Lemma 4.6 ([MM22, Lemma 9.7]). There is a constant co = co(C) such that the subpaths of p

between vs, and vy, are (4, co)-quasigeodesic for each k =0,...,m.
Lemma 4.7 ([MM22, Lemma 9.8]). There is a constant p = p(C) > 0 such that if k €
{0,...,m—1} and h is an H-component of fr or fy41 that is connected to exy1, then |h|y < p.

We begin with the following observation.

Lemma 4.8. Let A\ > 1 and ¢ > 0. Let p = p1...p, be a () ¢)-quasigeodesic broken line in
I'(G, X UH) with |pi|xy > X+ c for eachi =1,...,n. Then the path Xo(p,1) obtained from
Procedure 4.2 is a (X, ¢)-quasigeodesic without backtracking.

Proof. Let ¢ be a subpath of ¥y = Xo(p,1) = phe1p) ... phy_1emph,. Since for each i, pj is a
subpath of p and e; consists of at most a single edge, ¢_ and g are vertices of p. Let p’ be the
subpath of p with p’ = ¢_ and p/, = ¢;. The path ¢ can be obtained by replacing subpaths
of p’ with single edges, so that the length of ¢ is bounded by the length of p’. Then by the
quasigeodescity of p we have

Uq) <L) < Mxon(pl,ply) +c = Mxon(g-,q+) +c,
so Yo is (A, ¢)-quasigeodesic.

We must now show that ¥ is without backtracking, so suppose for a contradiction that it
does have backtracking. As noted in Remark 4.3 the subpaths py, ..., p, contain no H-subpaths.
That is, if A is an H-subpath of Yy, it must be one of the paths ey, ..., e,,. Therefore it must be
that there are integers 1 < k < | < m such that e, and e; are nontrivial connected H-subpaths
of ¥g. Thus,

(4.1) dxun((er)+ (e)-) < 1.
Let hy be the H-component of a segment of p with (h1)1 = (ex)+ and let hy be the H-
component of a segment of p with (he)_ = (e;)—. Since e, and e; are connected, so are h; and

ho. Following Remark 2.13, h; and hy cannot lie in the same segment of p. If hy and hs lie in
adjacent segments of p, then they are part of the same instance of consecutive backtracking and
the construction of ¥y is contradicted. Otherwise, the path pj, contains a full segment, say ps,
of p. Then by quasigeodesicity of p and (4.1),

(4.2) Ups) < £p}) < Mxus((ex)+ (e)-) + e < At c.
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However, since py is a geodesic, |ps| 5 = €(ps). Therefore (4.2) contradicts the lemma hypoth-
esis that £(ps) > A +c. O

For the remainder of the section, we fix as constants some C' > 146 and n > 0,let A = A\(C),c =
¢(C), and ¢ = ((C,n) be the constants obtained from Proposition 4.5, and let ¢o = ¢o(C) be the
constant of Lemma 4.6. Let L > 0 be the constant of Proposition 2.19.

Lemma 4.9. For any © > ( there is Ey = FEo(©) > 0 such that for any B > Ey the following
18 true.

Let p = p1...pn be a (B,C,(,0)-tamable broken line and let V(p,0) = {(sg,tx) | k =
0,...,m} be the set from Procedure 4.2. Fiz k € {0,...,m} and denote by p’ the subpath of p
with p'_ = v, and p', = vy, . If ¢ and r are connected H-edges of p', then dx(q—,r4) < 3L+20.

Proof. We begin by choosing the constant
EO = InaX{Bo, 4(1 + Co)e} + 1,

where By = By(0, C) is obtained from Proposition 4.5, and let B > FEj. The path p’ is a broken
line with p’ = pipit1...pj—1p;, where p] (respectively, p}) is a subpath of p; with (p})- = vs,
and (p;)+ = (pi)+ (respectively, of p; with (p})- = (p;)— and (p)+ = v, ). As in Remark 4.3,
each H-component h of the paths pj, pit1,...,p;j—1,p; satisfies [h|y < ©. This implies

(4.3) lglx +Irlx <20.

Since each segment of p is geodesic, ¢ and r must be connected H-components of distinct segments
of p, say pr and p;. Without loss of generality, we assume k < [. If [ > k + 1 then the subpath
of p’ between ¢_ and r contains the entire segment pg1. By Lemma 2.9,

(4.4) (pr+1) > é|pk+1| > 27
where the last inequality is given by condition (i) of tamability.

Lemma 4.6 tells us that p’ is (4, ¢p)-quasigeodesic. Combining this fact with (4.4) and the
choice of B, we have

dxun(q—,ry) > ig(plwl) — %0 > BTG?CO > 1.

On the other hand, ¢ and r are connected, so that dxuy(q—,7+) < 1, a contradiction. Therefore
q and r must lie in adjacent segments py and pg41 of p.

If g4 # r_, then there is an H-edge h in I'(G, X UH) with h_ = ¢+ and hy = r_. The edge
h must be isolated in the triangle h U [q4, (px)+] U [(px)+,7—]. Thus by Proposition 2.19, we
have |h|y = dx(gq4,7—) < 3L. Otherwise ¢4 = r_ and d(g4,7—) = 0. Together with (4.3), we
obtain

dx(q-,r+) < dx(q-,q+) +dx(q4,7-) +dx(r—,ry)
<lglx + 3L+ |r|x <3L+20,

as required. 0
The following combines the results of this section in a format we will find useful.

Lemma 4.10. For each © > (, there is E1 = E1(0) > 0 such that for any B > E; the following
holds.

Let p=p1...p, be a (B,C,(,0)-tamable broken line and denote by Xo(p, ©) the broken line
ppe1dy - . Dy 1€mPhy, Obtained from Procedure 4.2. Then for each i = 0,...,m, the shortcutting

Yo(pl, 1) is a (4, co)-quasigeodesic without backtracking, and each of its H-components h satisfies
|h|x < 3L+ 20.
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Proof. Define
FE = max{EO(G)), (4 + Co)@} +1,

where Ey(O) is the constant obtained from Lemma 4.9, and let B > E;. Lemma 4.6 tells us that
for each 0 < i < m, the path p) is a (4, cg)-quasigeodesic. Let ¢t be a segment of p}, which is a
geodesic. By construction, any #H-component h of ¢t has |h|, < O, so by Lemma 2.9

B _FE
txon =00 2 g = @1 > 4+ ¢

Hence by Lemma 4.8, 3 (p}, 1) is a (4, ¢p)-quasigeodesic without backtracking. Each of the H-
components h of Xo(p}, 1) is either an H-component of a segment of p; or shares its endpoints with
two connected H-components of segments of p;. Therefore by Lemma 4.9, |h|y < 3L +20. O

5. SHORTCUTTINGS FOR PARABOLIC PATHS

In this section we study the behaviour of shortcuttings of tamable broken lines that represent
elements from parabolic subgroups of G. The aim is to show that tamable broken lines represent-
ing elements of some bH,b~! consist of essentially a single instance of consecutive backtracking
that involves all its segments, given that the element is sufficiently long in comparison to the
conjugator b.

As a simplifying assumption, throughout this section we will assume that b is such that [b| v,
is minimal among elements in its left H,-coset. We observe that it does not cost us a lot to make
such an assumption.

Remark 5.1. Let b € G and v € N. Suppose |b|y ;, is not minimal among elements of bH,,.
Let by = bh € bH, be such a minimal element, so that |bi|y 5 < |blx_y- Since by € bH,,
it must be that |b|y 4, < [b1|yy + 1. Combining these inequalities, we in fact have that
bl x 3 = |b1]x s + 1. Therefore the path p = [1,b1]Ue, where e is a H,-edge labelled by h™*, is
a geodesic in I'(G, X UH). Moreover, if |b|, < M then by Lemma 2.15, |b1|y = dx(1,e_) < §M?
where £ is the constant of that lemma.

Lemma 5.2. For any M > 0 there is Nog = No(M) > 1 such that the following is true.
Let b € G with |b|y < M, and let p be a geodesic in T'(G, X UH) with p € bH,b™! for some
v € N. Suppose that |b| x4, is minimal among elements of bH, and denote by h the H,-edge
with h— = p_b and p = bhb~!. If Ip|x > No, then h is connected to an H,-component h' of p
with
dx(h—,h_) <3L and dx(hy, bl ) <3L,

where L is the constant from Proposition 2.19.

p— h' P+

FIGURE 1. Illustration of Lemma 5.2.
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Proof. Take Ny = 2M + &, where k£ = £(1,0, M) is the constant from Proposition 2.18 applied
to M-similar geodesics. Suppose that [p| > Ny, so that ||y > [p|yx —2M > & by the triangle
inequality. Now we apply Proposition 2.18 to the M-similar geodesics h and p, which shows that
h is connected to an H,-component h’' of p. If b’ = h_, then we are done, so suppose otherwise.
Take s = [h_, "] to be the H,-edge in I'(G, X U?H) labelled by the element h_'h’ € H,.

We will show that s is isolated in the geodesic triangle [p_,h_]U[p—,h’_] U s, whence we can
conclude that |s| = dx (h—, h’) < 3L by applying Proposition 2.19. Suppose for a contradiction
that s is connected to an H,-component ¢ of [p_,h_]. Since s is connected to h, h is also
connected to t. That is, the vertices t_ and h_ lie in the same H,-coset which implies that
dxun(t—,h—) < 1. However, by minimality of [b|y ,, among elements of bH,, t cannot be
the final edge of [p—,h_]. This means that dxu(t—,h_) > 2 by geodesicity of [p_,h_], a
contradiction. Similarly, if s is connected to an H,-component t of [p_,h’], then ¢ is in turn
connected to b, this time contradicting geodesicity of p (via Remark 2.13).

Thus dx(h_,h" ) < 3L by Proposition 2.19. The same argument, by symmetry, shows that
dx(hy,h!) <3L. |

For the remainder of the section, we fix a constant C' > 144, let A = A(C) and ¢ = ¢(C) be
the constants obtained from Proposition 4.5, and let ¢ = ¢o(C) be the constant of Lemma 4.6.
Given any 7 > 0 we will write {(n,C) for the constant obtained from the same proposition.
Finally, given any © > ((n, C), we write E1(0O) for the constant obtained from Lemma 4.10.

Lemma 5.3. There is a constant kg = ko(C) > 0 such that for any M > 0,n > 0,0 > ( =
¢(n,C),B > E1(0O) there is Ny = N1(0, M) > 1 such that the following holds.

Letbe G with |bly <M. Letp=p1...p, be a (B,C,(,0)-tamable broken line, and suppose
that p € bH,b~! for some v € N. Suppose that b x g @5 minimal among elements of bH, and
denote by X(p, ©) = foerf1... fm—16mfm its O-shortcutting. Let h be the H,-edge in T'(G, X UH)
with h— = p_b such that p = bhb~1.

If p|x > N1, then h is connected to ey, for some k=1,...,m and.

dx(h—,(ex)-) < ko and dx(hy,(er)+) < Ko.

FIGURE 2. Illustration of Lemma 5.3.

Proof. We take the constants
e k1 = k(A ¢ 0) and ke = k(4, ¢g, 0), obtained by applying Proposition 2.18 to (A, ¢)- and
(4, co)-quasigeodesics with the same endpoints respectively;
o Ny = max{Ny,2M + 9L + 2k1 + 2k2 + 20} + 1, where Ny = Ny(M) is the constant of
Lemma 5.2 and L is the constant of Proposition 2.19;
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e ko =K1 + p+ 3L, where p = p(C) is the constant of Lemma 4.7.

Suppose that [p|, > N;. First observe that N; is greater than Ny, so that by Lemma 5.2 h is
connected to an H,-component h’ of a geodesic [p_,p4] (see Figure 3) with
(5.1) dx(h—,h_)<3L and dx(hy,h' ) <3L.
As p = bhb~ !, the triangle inequality gives us that

Ihlx = Iplx —2[blx
(5.2) > Ny —2M

> 9L + 2k1 + 2K9 + 20 + 1.

Combining (5.1) and (5.2) yields that |h/| > |h|y — 6L > k1. Moreover, by Proposition 4.5,
3(p,0O) is (), ¢)-quasigeodesic without backtracking. Therefore Proposition 2.18 tells us that
there is an H,-component h” of ¥(p, ®) connected to h’ such that
(5.3) dx(h_,h") <k, and dx(h/,hY) < k1.

Suppose for a contradiction that h” is an H,-component of f; for some &k = 0,...,m. Let
p' be the subpath of p with p’ = (fx)— and p/, = (fx)+. Lemma 4.10 tells us that Xo(p’, 1)
is (4, co)-quasigeodesic without backtracking. We have that |h"|y > |h|y — 6L — 2k1 > kg by
combining equations (5.1), (5.2), and (5.3). Hence by Proposition 2.18, h” is connected to an
H,-component h"’ of 3¢(p’, 1) with

(5.4) dx (", h") <Ky and dx(h',h) < ko

as in Figure 3.

Ficure 3. Ilustration of proof of Lemma 5.3.

By the triangle inequality and equations (5.1)-(5.4), we have
| > |hly — 6L — 21 — 265 > 3L + 20 + 1,

whereas by Lemma 4.10, |h"'|, < 3L + 20, a contradiction. Therefore h” cannot be an H,-
component of fy. It follows that A" is a component of ¥(p, ©) containing ey, for some k =1,...,m
and thus that h is connected to ey (as in Figure 2).

It remains to show the inequality in the lemma statement. Following Remark 2.13, A" consists
of at most three edges, one being e; and the (possible) other two being edges, respectively the
last and the first, of the geodesics fr—1 and fx. Lemma 4.7 then implies that

(5.5) dx (W (ex)-) < p and  dx(H],(ex)+) < p.
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Finally, (5.1), (5.3), and (5.5) together with the choice of k¢ give the inequalities

dx(h—,(ex)-) < ko and dx(hs,(er)+) < Ko.

This concludes the lemma. (I

Lemma 5.4. For any M > 0, there is a constant ng = no(M) > 0 such that for any © > ¢ =
¢(no,C) and B > E1(O) the following is true.

Let b € G with |bly < M. Letp = pi...pn a be a (B,C,(,0)-tamable broken line, and
suppose that p € bH,b~' for some v € N. Suppose that bl x Ly s minimal among elements of
bH, and denote by X(p,0) = foe1fi ... fm—1€m fm the ©-shortcutting of the path p. If |p| > Ny
(where N1 = N1(©, M) is the constant of Lemma 5.3), then m = 1.

Proof. We fix the following constants:
e k1 = k(A ¢ 0) and ko = k(1,0,3L), the constants obtained by applying Proposition 2.18
to (A, ¢)-quasigeodesics with the same endpoints and 3L-similar geodesics respectively;
e £=¢(1,0,M + 1) is provided by Lemma 2.14;
® 19 =&+ 2Kk1 + 2K > 0;

FIGURE 4. Illustration of Lemma 5.4.

Since p € bH,b~!, denote by h the H,-edge with h_ = p_b and p = bhb~!. Lemma 5.3 tells
us that h is connected to e for some k = 1,...,m, so m > 1. Moreover, by Lemma 5.2, h is
connected to an H,-component h’ of a geodesic [p_,p4] and

dx(h_,h' ) <3L and dx(hy,h,)<S3L.

In particular, this implies that [p_,h_] and [p_,h’ ] are 3L-similar, and as are [hy,p4] and
(W Py

Suppose for a contradiction that m > 1, so that there is [ # k with 1 < [ < m. By
Proposition 4.5, the shortcutting 3 (p, ©) is (), ¢)-quasigeodesic without backtracking, and further
the H-component e; of X(p, ©) containing e; satisfies the inequality

(5.6) letlx = mo-
Now by Proposition 2.18, e; is connected to an H-component h” of the geodesic [p_, py] with
(5.7) dx(h”,(e)-) < k1 and dx(h/],(e)4) < k1.

Since X(p, ©) is without backtracking, h” must be distinct from A': if not, then e; and e}, would
be connected H-components of X(p, ©).



STRUCTURE OF QUASICONVEX VIRTUAL JOINS 17

We consider only the case that k" is an H-component of the subpath [p_,h" ] of [p_, p;], with
the other case being dealt with identically. It follows from (5.6), (5.7), and the definition of ng
that |h"| > ko. Since [p_,h’ ] and [p_,h_] are 3L-similar geodesics, Proposition 2.18 tells us

that h” is connected to an H-component A" of [p_, h_] (respectively [hi,p+]) and A" and b
satisfy
(58) dx(h/i,h/i/) S K9 and dx(hl,hl/) S KRo.

Combining (5.7), (5.8), and (5.6), we see that

V" x > lejlx —dx (R, (e7)—) — dx (R, (e])+)
> 1 —2(k1 + K2) > &,

where the last inequality comes from the definition of 79. Now we may apply Lemma 2.14 to see
that

bl =Ip—h)lx >M+1>M
contradicting the fact that [b|, < M. -

Lemma 5.5. For any M > 0 and © > ¢ = ((no,C) (where ng = no(M) is the constant of
Lemma 5.4) there is Ea = Eo(M,©) > 0 such that for any B > Es the following is true.

Letbe G with |bly <M. Letp=p1...p, be a (B,C,(,0)-tamable broken line, and suppose
that p € bH,b~! for some v € N. Suppose that b x g @5 minimal among elements of bH, and
denote by X(p,0) = foe1f1-.. fm—1emfm the O-shortcutting of the path p.

If [p|x > N1 (where Ny = Ny(©,M) is the constant of Lemma 5.3) then (e1)— is a non-
terminal vertex of pipa, and (em)+ s a non-initial vertex of pp_1pn. Moreover, if |p1|y > B
(respectively, |pn|y > B), then (e1)— is a non-terminal vertex of py (respectively, (em)+ is a
non-initial vertex of p, ).

Proof. Define Ey = max{FE1(0), (4M + 8 + ¢¢)0}, where E1(0) is the constant obtained from
Lemma 4.10, and let B > Fs.

Denote by h the H,-edge with h_ =p_b and p = bhb 1. By Lemma 5.4 we have m = 1, and
so by Lemma 5.3, h is connected to e;.

We prove only the statement involving (ej)_, for a symmetrical argument shows the corre-
sponding statement for (e1)y. Suppose to the contrary, so that (e;)_ is a vertex of p; for ¢ > 2.
The subpath p’ of p with endpoints p’_ = p_ and p/, = (e;)— is a (4, cp)-quasigeodesic broken line
in I'(G, X UH) by Lemma 4.6, each H-component h of the segments of which satisfy |h|, < ©
by Remark 4.3. Moreover, p, is a subpath of p’ and |p2|y > B > E5 by tamability condition (i).
Then by Lemma 2.9,

&

2

Up') 2 Up2) = -5 2 4M +8 + c,
whence by quasigeodesicity of p’ we have
1 c
(5.9) Pl xun = Zf(p/) - ZO > M +2.

On the other hand, we have dxuy (p—,h—) < |b] x5 < [b|x < M and that dxuw(h—,(e1)-) <1
since h and e; are connected. It follows, then, that:

|p/‘XUH <M+1,

contradicting (5.9). This means that p’ cannot contain the entire subpath py. Hence p’ = (e1)_
must be a non-terminal vertex of pips. If, in addition, |p1|y > B the same argument shows that
(e1)— is a non-terminal vertex of p;, as p; is also a subpath of p’. O
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6. PATH REPRESENTATIVES

Let Q" < Q,R’ < R and suppose that U,V C Q U R are nonempty subsets. Elements of
U{(Q, R")V are labels of certain broken lines in I'(G, X U H) which can be assigned a numerical
invariant. When this numerical invariant is minimal and Q' and R’ satisfy certain conditions,
these broken lines are tamable (with appropriate parameters, in the sense of Definition 4.4).

In this section we define path representatives of elements of U(Q’, R")V, following [MM22]. We
then collect a variety of results about such path representatives, and recall the metric conditions
that the subgroups ' and R’ must satisfy. Proofs are mostly omitted in this section, as they
are virtually identical to the associated ones in [MM22].

Definition 6.1 (Path representative). Consider an element g € U(Q', R')V. Let p = q1p1 ... Dngo
be a broken line in I'(G, X U H) with geodesic segments ¢1,p1, ..., Pn, and g2 such that
*p=y
e p; €QUR foreachie{l,...,n}
eqicUand eV
We will call p a path representative of g.

Observe that when U = V = {1}, we essentially recover the definition of [MM22] of path
representatives for elements of (Q’, R’). Indeed, in this case the initial and final segments ¢; and
g2 in the above definition are forced to be trivial (i.e. paths with only a single vertex), and we
may omit their mention. Moreover, with U = @ and V = R we obtain the path representatives
of elements of Q(Q’, R') R referenced in [MM22, Definition 10.6].

To choose an optimal path representative we define their types.

Definition 6.2 (Type of a path representative). Suppose that p = ¢1p; ...png2 is a broken line
in I'(G, X UH). Let T denote the set of all H-components of the segments of p. We define the
type 7(p) of p to be the triple

() = (n.0), 3 ltlx ) € No*.
teT
Definition 6.3 (Minimal type). Given g € U(Q’, R')V, the set S of all path representatives of
g is non-empty. Therefore the subset 7(S) = {7(p) | p € S} C No*, where Ny? is equipped with
the lexicographic order, will have a unique minimal element.
We will say that p = q1p1 . ..png2 is a path representative of g of minimal type if 7(p) is the
minimal element of 7(S).

Remark 6.4. Note that if p; and py are paths with (p;)+ = (p2)— whose labels both represent
elements of @' (or, respectively, both R’), then the label of any geodesic [(p1)—, (p2)+] also
represents an element of Q' (respectively, R’). Hence in a path representative of g € U(Q', R')V
of minimal type, the labels of the consecutive segments necessarily alternate between representing
elements of Q' \ S and R’ \ S, whenever g is not itself an element of UQ'V or UR'V.

6.1. Metric conditions and path representatives of minimal type.
Notation 6.5. Let U C GG be a subset of G. We write

minx U = min{ju|y |u € U}
when U is nonempty, and minx U = co otherwise.

Recall the following metric conditions pertaining to subgroups Q' < Q and R’ < R and family
of maximal parabolic subgroups P in G.

(C1) Q' NR =S;
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(C2) miny(Q(Q',RHQ\ Q) > B and minx (R(Q’, R')R\ R) > B;
(C3) miny ((PQ"UPR') \PS) > C, for each P € P.
(C4) QpN{(Qp,Rp) =Q%p and Rp N (Q’p, Rp) = R, for every P € P;
(C5) miny (q( oy Rp)Rp \ qQ’PRp> > C, for each P € P and all ¢ € Qp,
where for a subgroup H < G and P € P, Hp denotes the subgroup H N P.
The following is a straightforward observation about condition (C2) that we will find useful.

Lemma 6.6 ([MM22, Lemma 10.1]). Suppose that Q' < Q and R’ < R satisfy (C2) with constant
B >0. Then

/N

min x ((Q’ UR')\ S) > B.

We can leverage separability properties of G to find finite index subgroups of @) and R satisfying
the above conditions for any given constants B and C' and finite family P.

Proposition 6.7 ([MM22, Proposition 14.3]). Let G be a finitely generated QCERF relatively
hyperbolic group with double coset separable peripheral subgroups, and let Q and R be finitely
generated relatively quasiconvex subgroups.

For any B > 0,C > 0, and finite set P of mazimal parabolic subgroups of G, there is a family
of pairs of finite index subgroups Q" <y Q and R' <y R as in (E) satisfying (C1)-(C5) with
constants B and C' and set P.

Below we collect some results demonstrating useful properties of minimal type path represen-
tatives of elements of U(Q’, R')V. We emphasise that the proofs of the following statements are
very similar to the associated statements in [MM22].

Lemma 6.8 ([MM22, Lemma 6.7]). There is a constant Cy > 0 such that the following holds.

Let Q' < Q and R’ < R be subgroups satisfying condition (C1), and let ¢ € Q and r € R.
Suppose that either U = qQ' orU =rR' andlet V=U"1. If p=q1p1 .. .pnqo is a minimal type
path representative of an element g € U(Q', RV and fy, ..., fnt2 € G are the nodes of p then
<fi_1,fi+1>?fl < Cp foreachi=1,...,n+1.

Lemma 6.9 ([MM22, Lemma 7.3]). There exists a constant Cy > 0 such that the following is
true.

Let Q" < Q and R’ < R be subgroups satisfying condition (C1), and let ¢ € Q and r € R.
Suppose that either U = qQ' or U = rR’, let V = U~' and suppose that p is a minimal type
path representative for an element g € U(Q',R")V. If s and t are connected H-components of
adjacent segments a and b of p respectively, then dx(sy,a+) < Ci and dx(a4,t-) < Cj.

Notation 6.10. Let M > 0 and let C; > 0 be the constant of Lemma 6.9. We define the
following finite collection of maximal parabolic subgroups of G:

Pu = {bH,b™" |[be G,veN,|blx <M+ Ci}.

If Q" and R’ satisfy conditions (C1)-(C5) with sufficiently large constants B and C, then
minimal type path representatives of elements of (Q’, R') are tamable. We define the constant
Cl = max{Cy, 146}, where C is the constant of Lemma 6.8.

Lemma 6.11 ([MM22, Lemma 10.3]). For each nn > 0 there are constants Cy = Cs(n) > 0,
¢(=<((m)>1,0;=01(n) €N and By = B1(n) > 0 such that the following is true.

Suppose that Q' < Q and R’ < R are subgroups satisfying conditions (C1)-(C5) with constants
B > By and C > Cy and family P O Py. Let q € Q,r € R, suppose that either U = qQ’ or
U=7rR,andlet V=U" . Ifp = qp1...pnq2 15 a minimal type path representative for an
element g € U(Q', R")V then p is (B, C{, ¢, ©1)-tamable.
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Moreover, let 3(p,©1) = foe1f1 ... fm—16mfm be the ©1-shortcutting of p obtained from Pro-
cedure 4.2, and let e} be the H-component of X(p, ©1) containing ey, k =1,...,m. Then X(p,01)
is a (A, c)-quasigeodesic without backtracking and |ej| > 1, for each k =1,...,m.

The following gives us a way of constructing parabolic paths that in some way approximate an
instance of consecutive backtracking in a path representative. The statement is a modification
of [MM22, Lemma 8.3] that allows for an extra parameter. For completeness we include a proof.

Lemma 6.12. Let M > 0 and suppose that subgroups Q' < Q and R’ < R satisfy conditions
(C1) and (C3) with constant C and family P such that C > M + Cy + 1 and P 2 Py as in
Notation 6.10. Let P =bH,b~1 € Py, for some v € N and b € G, with |b|x < M, and let p be
a path in T(G, X UH) withp € Q" UR'.

Suppose that there is a vertex v of p and an element v € P satisfying v 'p_ € S, v € Pb,
and dx(v,p+) < Cy. Then there exists a geodesic path p' such that (p')- = u, p' € P, and
(p’)_T_lp+ € S. In particular, if p € Q' (respectively, p € R') then p/ € Q' N P (respectively,
p €ERNP).

Proof. Denote z =p_,y=py and z=vb"! € P. Thenu '2€ Pand 2z 'y =p€ Q' UR'.

Since u'z € S = Q' N R/, we obtain

uly = () (@) € QU R,
whence 27y = (27 !u)(uty) € P(Q" U R’). Now, observe that
|27 ylx = dx(z,y) < dx(z,v) +dx(v,y) < |blx +C1 < M +Cy < C.

Condition (C3) now implies that 2~ 1y € PS, i.e., 27!y = fh, for some f € P and h € S. Let p/
be a geodesic path starting at u and ending at zf € P. Then p/ = u~'zf € P,

P )i'pr=ft2"ly=hes.

The last statement of the lemma follows from (C1) and the observation that
Pr=ut(p)y =up_plpy) ()1 € SPS. O
7. REDUCTION TO THE SHORT CONJUGATOR CASE

In this section we again follow the notation of Convention 4.1. We will first prove the special
case of the main result for conjugates of the peripheral subgroups by uniformly short elements.
In this case, taking Q" and R’ with sufficiently deep index, the conjugator v € (@', R') in the
statement of Theorem 1.2 will be trivial. In particular, we will prove the following;:

Proposition 7.1. For any M > 0 there exist constants By = Bo(M) > 0 and C3 = C3(M) >0
such that the following is true.

Suppose Q' < Q and R' < R satisfy conditions (C1)-(C5) with constants B > By, C > Cj,
and family Pyr (see Notation 6.10). If P € Py is such that (Q', R'Y N P is infinite, then

(', RYNP=(Q'NnP, R nP).

Proof. Let P € Py and suppose that (Q', R’) N P is infinite. We will fix the following notation
for the proof:

P =bH,b~! where v € N and b € G with |b] < M;

by € bH, has minimal length with respect to dxyy and |bi|y < &M? (as in Remark 5.1),
where £, is the constant of Lemma 2.15;

Cl = max{Cy, 144}, where Cj is the constant of Lemma 6.8;

no = no(€oM?) is the constant of Lemma 5.4;
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e By = Bi(ny),Ca = Ca(np), and ©1 = O1(n) are the constants obtained from Lemma 6.11
applied with 7o;

o Ny = N1(01,&M?) and kg = ko(C)) are the constants of Lemma 5.3;

o By = max{By, F2(£M?,01)}, where Fa(£9M?,01) is the constant of Lemma 5.5 and
C5 = max{Cs, M + C1 + 1}, where C} is the constant of Lemma 6.9.

By assumption, (@', R') N P is infinite, so there is an element g € (Q’, R') N P with |g|y > Ni.
Let p = py...p, be a path representative of minimal type for g (as an element of U{(Q’, R")V,
with U =V = {1}) with p_ = 1. If n = 1 then ¢ = p € (Q' UR') N P and we are done, so
suppose that n > 1. We write h for the H,-edge of I'(G, X UH) with h_ = b; and g = blﬁbl_l.

We consider the shortcutting ¥(p,©1) = foeifi... frm—1€mfm of p obtained from Proce-
dure 4.2. Lemma 6.6, together with the fact that p is minimal and n > 1, gives us that |p;|, > B
for each i = 1,...,n. Moreover, Lemma 6.11 gives that p is (B, C{, (, ©1)-tamable. Lemmas 5.4
and 5.5 tell us that m = 1 and that (e;)_ and (e;)4 are non-terminal and non-initial vertices
of p; and p,, respectively. As such, we may suppose that fy and f; are chosen to be subpaths
of the geodesics p; and p,, respectively, so that e; is an H-component of X(p,©1). Moreover,
Lemma 5.3 implies that e; is connected to h with

(7.1) dx(h_,(e1)-) < ko and dx(hy,(e1)s) < Ko.
It follows that (e;)_H, = biH, = bH,. Denote by hi,...,h, the pairwise connected H,-
components of the segments pq,...,p, that constitute the instance of consecutive backtracking

associated to ej.
We will inductively construct a sequence of paths pf,...,pl,_; (cf. [MM22, Proposition 8.4])
with the following properties:

e (p)-=1
o ple(QUR)NPforeachi=1,...,n—1;
o (p))"picSforeachi=1,...,n—1.

It is straightforward to verify that p; satisfies the hypotheses of Lemma 6.12 with u =
1,v = (e1)—, and subgroup bH,b~!. Thus there is pj with (p})- = 1,p} € (Q'UR')N P,
and (;z)/l)fs_l(pl)Jr € S. Similarly, for any 1 < i < n — 1, we can use Lemma 6.9 to verify that we
can apply Lemma 6.12 to the path p; with v = (p}_;)+,v = (hi)+, and P = bH,b~!. We thus
obtain a path p} with (p})_ = (p;_1)+, ];; €(Q UR)NP, and (p})~'p; €S.

We will write z = (pl, )+ = p| .. ];;?_/1 € (@' NP,R NP). Since g € P and z € P, it is also
true that z~'g € P. Moreover,

2 lg =2 pao1)+(Pa-1)3'g
= ((Ph_1) 5 (Pr-1)4)Pn € S(QUR) =Q' UR,

so that 2 'g € (Q'NP)U(R' NP). Thus g =22"1g € (Q' NP, R N P).

Since g was an arbitrary element of (Q’, R') N P with |g|y > Ni, we have shown that all but
finitely many elements of (Q', R’) N P lie in (@' N P, R’ N P). Now applying Lemma 2.3 shows
that the former subgroup is contained in the latter. The reverse inclusion is immediate. O

To complete the proof of Theorem 1.2, we reduce computation of the subgroup (Q’, R’) N P,
where P = bH,b~! is an arbitrary maximal parabolic subgroup, to the case when P belongs to
a fixed finite set of maximal parabolic subgroups. An application of Proposition 7.1 will then
yield the general result.

To do this, we observe that when (Q’, R’)NP is infinite, the conjugator b has a decomposition as
an element of (Q', R")Qx or (@', R') Rx where x € G has uniformly bounded length with respect
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to dx. Thus, up to conjugation by an element in (Q’, R'), we need only consider intersections of
the form (Q', R') N szH,z~ts™!, where s € QUR and v € \V.

Lemma 7.2. There are constants B > 0 and o > 0 such that the following is true.

Suppose Q' < Q and R’ < R satisfy conditions (C1)-(C5) with constants B > Ba,C > Cy(1)
(where Co(1) is obtained from Lemma 6.11) and family P 2 Py (as in Notation 6.10 with M = 0).
Let P = bH, b~ be a mazimal parabolic subgroup, with b x iy minimal among elements of bH,, .

Suppose that {(Q', R') N P is infinite. Then there are elements s € QU R,u € (Q', R'), and
x € G such that b = usz and |z|y < 0. In particular,

(Q,RYnNnP= u((Q',R') N st,,x_ls_l)u_l,

and uscH,x s~ lu=! = P. Moreover, if Q' NP or R' N P is infinite, then we may take v = 1
in the above.

FIGURE 5. Illustration of Lemma 7.2.

Proof. We define the following notation for this proof:

Cl = max{Cy, 146}, where Cj is the constant of Lemma 6.8;

¢=¢((1),01 =04(1),B; = B1(1), and Cy = C3(1) are the constants of Lemma 6.11;
E; = F1(©1) is the constant of Lemma 4.10;

N1 = N1(O1, |b| i) is obtained from Lemma 5.3;

By = max{Bi, E1 };

o = Ko + &, where kg = ko(C{)) is the constant of Lemma 5.3 and L is the constant of
Proposition 2.19.

Since (@', R') N P is infinite, there is an element g € (Q’, R’) with |g| > N1. Let p=p1...p,
be a minimal type path representative of g (as an element of U(Q', R)V, with U = V = {1})
with p_ =1, and let h be the H,-edge of T'(G, X UH) such that h_ =band g =p = bhb~L.

By Proposition 6.11, p is (B, C{, (, ©1)-tamable. Denote by X(p,01) = foerfi-.. fm—1€mfm
the ©1-shortcutting of p obtained from Procedure 4.2. Then by Lemma 5.3 h is connected to ey
for some k =1,...,m with

(72) dx(b, (ek),) = dx(h,7 (ek),) < KQ.

Let h; be the H,-component of a segment p; of p, with (h;)_ = (ex)—.
Take u = (p;)— € (@', R'). If p; € Q" then by quasiconvexity of @, there is an element s € @
such that

(7.3) dx(us, (h;)-) <e.
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Otherwise p; € R/, whence by the quasiconvexity of R, there is an element s € R satisfying the
same inequality. In either case, take x = s~ u~1'b and observe that combining (7.2) with (7.3)
gives
|z y = dx(b,us) < dx(b, (hi)-) +dx(us, (h;)-) < ko +e=0.
It is immediate from the definition of x that b = usz, whence us a1 H, xzsu™! =bH, b~ =
P. Tt follows that

u((Q’,R’} N SxHyaU_ls—l)u_l =u(Q , RYu"' NuszH,x s u™!
=(Q . R)NP,
as required.
Finally, note that when Q' N P is infinite we may take g € Q" N P with |g|, > Ny, in which
case p consists of a single geodesic segment. Following the above argument in this case gives

that h; is an H,-component of this segment and v = p_ = 1. The case with R’ N P infinite is
identical. (]

When s is not an element of Q' or R’, the element sz obtained above cannot be further
decomposed in a useful way, but it does fit into a sort of dichotomy. We find that either (Q’, R")
intersects szH,x " !s~! in an elementary way, or that sz is an element of Q'yH, or R'yH,,
where y has uniformly bounded length with respect to dx. This completes the reduction (up
to (@', R')-conjugacy) of computing (Q’, R') N P from arbitrary maximal parabolic P < G to
finitely many conjugates of H,, for v € N.

Proposition 7.3. There are constants Bs,Cy, 7 > 0 such that if Q' < Q and R’ < R satisfy
(C1)-(C5) with constants B > B3, C > Cy4 and family P 2 Py (as in Notation 6.10) then the
following is true.

Let s € QUR, x € G with |z|y < o (where o is the constant of Lemma 7.2), and v € N. If
(Q',R'YNsxH,x~1s71 is infinite then one of the following holds:

e scQUR and (Q',R)NszH,x s =s(Q' NazH,z ', R naH,z7)s7 !, or

e scQand (Q,R)NsxH,x 's71 =Q NsxH,z~'s7!, or

e sc Rand (Q,RYNszH,x s = R NszH,xz " 's7!, or

o there are elements t € Q' UR' and y € G, with |y|y < 7, such that sx € tyH,. In
particular,

(@, R)nsaH,a™'s™ = t((Q@ RN yHuy_l)lt—1

and tyH,y 't ! = sa H,x~ts L.

Proof. In this proof we use the following notation:

e Cy and C are the constants of Lemmas 6.8 and 6.9 respectively, and C}y = max{Cy, 146};

e 11 € xH, has minimal length with respect to dxux and |z1]|y < &o? (as in Remark 5.1),
where £, is the constant of Lemma 2.15;

o 19 = 1o(£p0?) is the constant of Lemma 5.4;

e O; = 0O4(np) is the constant obtained from Lemma 6.11;

L] B3 = maX{El(@l),Eg(foo'Q,@1),B1(770)7BQ(0')} and C4 = max{Cg(n0)7C’3(U)}7 where
E1(©1) is the constant of Lemma 4.10, E(£y0?, ©1) is the constant of Lemma 5.5, Ca (1)
is the constant of Lemma 6.11, and By (o) and Cs(0) are the constants of Theorem 7.1;

o o = ro(Ch) and Ny = N1(0O1,&p0?) are the constants of Lemma 5.3;

T = max{C’l, B3 + 600’2 + Iio}.

If s € Q@ UR', then s~ 1{Q', R'}s = (Q', R') so that

(Q',RYNszH,z's™! = s((Q’,R’} N mHl,xfl)sfl.
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Applying Theorem 7.1 gives us that (Q', R )NxH,x~! = (Q'NzH,z~*, R'NaxH,x~1). Combining
these two equalities gives the first case of the proposition. Thus we may assume s ¢ Q' U R’ for
the remainder of the proof.

If s € Q, we define U = s7!'@Q’, and otherwise set U = s~ !R’. In either case let V = U~ ".
Throughout this proof we will assume that s € @), with the case that s € R being identical. Note
that these two cases are mutually exclusive, for otherwise we would have s € QN R= Q' N R’
by (C1), contradicting our assumption.

If g€ Q forall g e (Q,R)NsxH,xz s with |g|y > Ny + 2|s|y, then by Lemma 2.3 we
have (Q', R)NsxH,r 1s™! = Q'NsxH,r~1s~! and we are done. Suppose to the contrary, then,
that there exists some element g € (Q',R') N sxH,z " s~ with |g|, > Ni + 2|s|y such that
g ¢ Q. Then s~gs ¢ s71Q's, and so s !gs (as an element of U(Q’, R')V) has a minimal type
path representative p = q1p; . .. pnge with n > 0 and p_ = 1. Moreover, we have ‘s_lgs|X > Nj.

Since x1H, = zH, and p € xH,z~ !, we have p € lel,:El_l also. Let h be the H,-edge
of (G, X UH) with h_ = z; and s7lgs = p = xlﬁxl_l. Denote the ©;-shortcutting of p by
2(]7, @1) = fOelfl oo fm—lemfm~

By Lemma 6.11 the path p is (Bs, C{, ¢, ©1)-tamable. Lemma 5.3 tells us that h is connected

to ey, for some k =1,...,m and dx(h_, (ex)-) < ko. Moreover, by Lemma 5.4 k = m = 1, so
that X(p, ©1) = foe1f1 and
(74) dx(h,, (61),) S KRQ-

Applying Lemma 5.5, we see that (e1)_ is a non-terminal vertex of ¢;p; and (e1)+ is a non-initial
vertex of p,g2. In any of the cases, p; contains an H,-component i’ that is connected to e; (and
is thus, in turn, connected to h).

Case 1: Suppose first that (e1)_ is a vertex of p;. As b’ is the H,-component of p; connected
to ey, it must be that (e;)- = h’. By Lemma 5.5, we must have dx(1,¢1) = |q1|y < Bs.
Further, dx(1,h_) = |z1|y < &o?. Combining these two inequalities with (7.4), we obtain

dX((Th hl—) = dX((.,ﬁa ]-) + dX(]-v h*) + dX(h77 hi)

7.5
( ) SBg—F&)O’Q-i-Ho.

Case 2: Suppose now that (e7)_ is a non-terminal vertex of g;. Since (e;)4 is a vertex of either
Pn OT g2, €1 comes from an instance of consecutive backtracking along the segments ¢1,p1,. .., pn
and possibly ¢o. In particular, ¢; contains an H,-component connected to h’, the component of
p1 associated with this consecutive backtracking. By Lemma 6.9,

(7.6) dx(q1,h") = dx((q1)+, ") < Cy.

Since ¢1 € s71Q’, there is some t € Q' such that q; = s~1t. Take y = t~!sh’_. Following (7.5)
and (7.6), we have

lylx =dx(s7't,h) =dx(qi,h) < 7.

Moreover, s 'ty = h'_ € x1H, = xH, since h/ and h are connected and so sz € tyH,. It follows
that

t((QCR’) n yHuy‘l)t_1 =HQ, Rt ' NtyH,y 't~}
=(Q",\R)YNszH,x s !

as required. O
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8. PROOFS OF MAIN RESULTS

For this section, in addition to Convention 4.1, we will suppose that G is QCERF. We begin
with a proof of a technical intermediate to Theorem 1.3.

Theorem 8.1. There is s finite set K of mazimal parabolic subgroups of G and constants
By, Cs > 0 such that if Q' < Q and R’ < R satisfy conditions (C1)-(C5) with B > By, C > Cs,
and family P 2 P, (as in Notation 6.10), where T is the constant obtained from Proposition 7.3,
then the following is true.

Suppose that P is such that (Q', R') N P infinite. Then there is an element u € (Q', R') such
that either

(i) (Q,R)YNP=uQu NP or,

(ii) (Q",RYNP =uQu NP or,

(iii) (Q',R')NP=u(Q NK,R NK)u~!, where K =u"'Pu is an element of K.

Moreover, if either Q' NP or R' N P is infinite, then we may take u =1 in cases (i) and (i),
and v € Q' UR' in case (iii).

Proof. We define By = max{Bz(7), B3} and C5 = max{C3(1),C3(7),Cs}, where By(7) and
C3(7) are the constants of Theorem 7.1, C3(1) is the constant from Lemma 6.11, and Bs and C4
are the constants of Proposition 7.3. Take K to be the set {yH,y~' € G|lv e N, |y|y <7}

Let @ < Q and R’ < R be subgroups satisfying conditions (C1)-(C5) with constants B >
B,,C > (5, and finite family P D P,. Let P = bH,b~! be a maximal parabolic subgroup of G
such that (Q’, R’) N P is infinite and |b| v ,, minimal among elements of bH,,.

By Lemma 7.2, there is v € (Q’, R’) and s € Q U R such that

(8.1) (Q,RYnP= v((Q',R') N st,,x_ls_l)v_l,
where v € N and = € G with |z|y < o and b = vsz. It follows that

(8.2) vseH,z 's o™ =bH, b~ = P.

Note that when Q' N P or R’ N P is infinite, v may be taken to be trivial.

Applying Proposition 7.3, we have either that one of the following equations holds
(8.3) (Q,RYNszH,x s =s(Q NeH,o ', R NaH,z 1)s™! withse Q UR,
or that

(Q,RYNszH,x s =Q NsxH,z 's™1 with s € Q,

8.4

(8.4) (Q,RYNsxH,x 's~' =R NnszH,x 's™! withsc R,
or finally

(8.5) (@, RN szH,z"'s™! = t((Q/, R)N yHyy’I)t’1

where t € (Q"UR'), y € G with |y|y <7, and sz € tyH, so that
(8.6) tyH,y 't = seH,x st
If (8.3) holds, then we set u = vs and K = zH,z~'. The equality
(@ RYNP=u(Q@NK,RNK)u!

then follows immediately from (8.1). Observe that (8.2) tells us that K = u~!Pu. Moreover,
noting that ||, < o < 7, we have that zH,z~! € K, as required.
If instead (8.4) holds, then from (8.1) we obtain

(QRYNP = U(Q' N sflelHua:s>v71



STRUCTURE OF QUASICONVEX VIRTUAL JOINS 26

or
(Q,RYNP= U(R/ N silelHl,xs)vfl,

where in either case setting u = v gives the desired conclusion by (8.2).
Lastly, if (8.5) holds, then (8.1) gives that

(8.7) Q' ,R)NP = vt((Q’, RN yH,,y_1>t_1v_1.
By the choice of B and C, and the fact that |y| < 7, we can apply Theorem 7.1 to obtain
(8.8) (Q.R)ynyH,y ' =(Q nyH,y ", R nyH,y™").
Combining (8.7) and (8.8) we conclude that
(Q RYNP=vt(QNK,RNK)t 'v!,

where K = yH,y~' € K. We set u = vt and note that u € (Q', R'), since t € Q' U R'. Since
v=1when Q' NP or RN P is infinite, we have u € Q' U R’ in these cases. Finally, observing
that (8.2) and (8.6) give K =t 'sxH,r 1s~1t = u~1 Pu completes the proof. O

Proposition 8.2. Suppose that either @ and R have almost compatible parabolic subgroups or
that each H, is double coset separable. Then there is a family of pairs of subgroups Q' and R’
as in (E) satisfying the hypotheses of Theorem 8.1 such that the following is true.

Suppose that P < G is a mazximal parabolic subgroup of G with (@', R') N P infinite and u €
(Q',R') is the element obtained from Theorem 8.1. If SNu~'Pu has finite index in Q' Nu~!Pu
(respectively, in R' Nu~tPu), then (Q',R') N P = uR'u=t N P (respectively, (Q'",R') N P =
uQ'u=t N P). In particular, at least one of Q' Nu~'Pu or R' Nu~'Pu is infinite.

Proof. Let K = {K3,...,K,} be the finite set of maximal parabolic subgroups of G provided by
Theorem 8.1. If each H, is double coset separable, then by Proposition 6.7, there are subgroups
Q <y Q and R' <j R as in (E) satisfying (C1)-(C5) with constants B4, Cs (provided by
Theorem 8.1) and finite family P,, where 7 is the constant of Proposition 7.3. Arguing as
in the proof of [MM22, Theorem 14.5], the same conclusion holds in the case that @ and R have
almost compatible parabolics, without the double coset separability assumption. More precisely,
there exists L <y G with S C L such that for any L' <; L with S C L/, there is M <; L’ with
QN L C M such that for any M’ <; M with @ N L' C M’, the subgroups Q' = Q N M’ and
R’ = RN M’ satisfy these conditions. All such Q' and R’ meet the hypotheses of Theorem 8.1.

We will show that the subgroup L can be modified so that the desired conclusion holds.
Fix some i = 1,...,n and note that since G is QCERF, @@ and R are separable. Thus their
intersection S is also separable. Whenever S N K; <; Q N Kj, let U; be a finite set of coset
representatives of S N K; in @ N K;, and otherwise take U; to be the empty set. Similarly,
whenever SN K; <y RN K, let V; be a finite set of coset representatives of S N K; in RN K,
and otherwise take V; to be the empty set. Take U = |J!'_, (U; UV;), and note that U is a finite
set disjoint from S.

Since S is separable, Lemma 2.25 gives us G’ <y G, disjoint from U, with S C G’. We take
Ly = LNG <y G, noting that again S C Ly and Lo N U = (. Now for any L' <; Lo with
S C L', we have that L’ <; L. Now there is M <; L' with QNL' C M asin (E). Let M’ <; M
be any finite index subgroup with Q N L’ € M’ and write Q' = QN M',R' = RN M'. By
Proposition 6.7, @' and R’ also satisfy (C1)-(C5), so Theorem 8.1 holds..

Let P < G be a maximal parabolic subgroup of G such that (Q’, R’) N P is infinite, and let
u € (@', R') be the element provided by Theorem 8.1. If either of the first two cases of the
theorem hold, then we are done. Otherwise there is i = 1,...,n such that

(Q,RYNP=u(Q NK;, R NnK)u*!,
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with K; = w~!Pu. Suppose that SN K; <f @ N K;. Then by the constructions of G’ and Q'
we have
SNK; CQNK;,=QNMNK;, CQNG' NK; =5NK;,
so that Q' N K; = SN K;. Tt follows that (Q' N K;, R N K;) = R' N K;. Thus
(Q,RYNP=u(Q NK;, R NK)u ' =uR NK)u ' =uRu NP,
as required. An identical argument (with the roles of Q' and R’ swapped) gives us that
(Q,RYNP=uQu 'NP

when S N K; <f R'NK;.

To conclude, note that if Q' N w~'Pu is finite, then S N v~ 'Pu < QN u~ ' Pu, whence
uR'u=' NP =(Q',R') N P is infinite by the hypotheses. O

Proof of Theorem 1.3. Let IC be the finite set of maximal parabolic subgroups provided by The-
orem 8.1. There is a family of pairs of finite index subgroups Q' <; @ and R’ <; R satisfying
Proposition 8.2.

Let P < G be a maximal parabolic subgroup of G such that (@', R’)NP is infinite, and suppose
that (Q’, R')N P not equal to uQ v~ NP or uR'u=*NP for any u € (Q’, R'). Then Theorem 8.1
gives us u € (Q', R') such that (Q', )N P = u(Q' N K,R' N K)u™!, where K = u~'Pu is an
element of IC. Suppose that @' and R’ are almost compatible at K. Then either SNK <; Q' NK
or SNK <y RN K. But then Proposition 8.2, gives that (Q',R') N P = uR'u"* N P or
(Q",R"YN P = uQu~! N P respectively. In either case we obtain a contradiction, completing the
proof. (]

When @ and R have almost compatible parabolics, then so do any pair of finite index sub-
groups Q' <y @ and R’ <; R. It follows that the third case of Theorem 1.3 cannot occur for
such @ and R.

Corollary 8.3. Suppose that Q, R < G are finitely generated relatively quasiconvex subgroups
with almost compatible parabolics. There is a family of pairs of finite index subgroups Q' <j Q
and R' <; R as in (E) with the following property.

Suppose that P < G is a mazimal parabolic subgroup of G with (@', R'Y N P infinite. Then
there is u € (Q', R') such that (Q',R'Y N P is equal to either uQ'u=* NP or uR'u=' N P. In
particular, either uQ'u=' NP or uR'u~!' N P is infinite. Moreover, if either Q' NP or R' NP is
infinite, we may take u =1 in the above.

We now prove Corollaries 1.4 and 1.5, with more precise existential statements than given in
the introduction. In particular, we find a finite index subgroup @1 <y @ that takes over the role
of @ in (E) in the following.

Theorem 8.4. Suppose that Q, R < G are finitely generated relatively quasiconvexr subgroups
with almost compatible parabolics. There is a finite index subgroup Q1 <y @ and a family of pairs
of finite index subgroups Q' <y Q1 and R’ <y R as in (E) such that Q' and R’ have compatible
parabolics.

Proof. Suppose @ and R have almost compatible parabolics. By Proposition 3.3, there is a finite
index subgroup @1 <y @ such that if P < G is a maximal parabolic subgroup of G, then Q1 NP
is either infinite or trivial. Let Q" <y @Q; and R’ <y R be finite index subgroups as in (E)
satisfying Corollary 8.3. Since (Q and R have almost compatible parabolics, so do @’ and R'.
Let P < G be a maximal parabolic subgroup of G. If Q' N P is finite, then Q1 N P is finite and
thus trivial by Proposition 3.3. In this case Q'NP = {1} < R'NP. On the other hand, if Q'NP is
infinite then so is (Q’, R’) N P. Now applying Corollary 8.3, we obtain that (Q', R)NP =Q' NP
or (', R’YNP = R'NP. It follows that either R NP < Q'NP or Q' NP < R'NP asrequired. 0O
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Theorem 8.5. Suppose that Q, R < G are finitely generated relatively quasiconvexr subgroups
with almost compatible parabolics. There is a finite index subgroup Q1 <75 Q and a family of
pairs of finite index subgroups Q' <y Q1 and R’ <y R as in (E) such that (Q', R') is quasiconvex
and (Q",R') = Q' xgnr R'.

Proof. Suppose ) and R have almost compatible parabolics and let Q1 <; @ be the finite index
subgroup provided by Theorem 8.4. Note that S’ = Q1 N R is a fixed finite index subgroup of
Q N R depending only on Q. Take M = M(Q, R, S") > 0 to be the constant of Theorem 2.24.
Combining Proposition 6.7 and Theorem 8.4 there is a family of pairs of finite index subgroups
Q' <y @1 and R' <; R as in (E) that have compatible parabolics and satisfy condition (C2)
with parameter M. By Lemma 6.6, miny (Q"UR')\ S > M. Note that (E) ensures that
Q' N R = 5'. Now applying Theorem 2.24, we see that (Q’, R') is relatively quasiconvex and
(Q',R') =2 Q xgnr R as required. O

Proof of Corollary 1.6. Recall that if Q and R are strongly quasiconvex or full, they have almost
compatible parabolics. Let @ and R be strongly relatively quasiconvex subgroups of G, and let
Q' <; Q and R’ <; R be subgroups as in (E) for which Theorem 1.1 and Corollary 8.3 hold.
Let P < G be a maximal parabolic subgroup of G. Since @) and R have finite intersections with
maximal parabolic subgroups of G, so do their subgroups @’ and R’. In particular, uQ'u=' NP
and uR'u~1 N P are finite for all u € (Q’, R'). Corollary 8.3 now directly implies that (Q’, R')N P
is finite. Therefore (Q’, R') is strongly relatively quasiconvex.

Now suppose that @ and R are full relatively quasiconvex subgroups, and again let Q' <, Q
and R’ <; R be subgroups as in (E) for which Theorem 1.1 and Corollary 8.3 hold. If P < G
is a maximal parabolic subgroup of G such that (@', R’) N P is infinite, then by Corollary 8.3,
there is u € (@', R') such that at least one of Q' Nu~!Pu or R’ Nu~!Pu is infinite. Without loss
of generality, say that R’ N« ~'Pu is infinite. Now R’ N« ~!Pu has finite index in R Nu "' Pu,
which has finite index in v ~!Pu since R is fully relatively quasiconvex. Conjugating by u, we
see that uR'u~! N P has finite index in P. Observing that (Q’, R’) N P contains uR'u=! N P
completes the proof. (Il

As an immediate consequence of the above, the virtual joins (@', R') are hyperbolic when @
and R are strongly relatively quasiconvex. It may be of interest that this conclusion in fact holds
the under slightly weaker hypotheses.

Corollary 8.6. Let G be a finitely generated QCERF relatively hyperbolic group.

If Q is a hyperbolic relatively quasiconvexr subgroup and R is a strongly relatively quasiconvex
subgroup of G, then there is a family of pairs of finite index subgroups Q' <; Q and R’ <; R as
in (E) such that (Q', R') is relatively quasiconvex and hyperbolic.

Proof. Let @ be a hyperbolic relatively quasiconvex subgroup of G, and R a strongly relatively
quasiconvex subgroup of G. Since R is strongly quasiconvex, () and R have almost compatible
parabolics. Moreover, ) and R are hyperbolic they are certainly finitely generated, so Corol-
lary 8.3 applies. Let Q" <y @ and R’ <; R be subgroups as in (E) for which Corollary 8.3 holds,
and let P < G be a maximal parabolic subgroup of G with (@', R') N P infinite.

Since R is strongly relatively quasiconvex, uR'u~1 N P is finite for all u € (Q’, R’). Hence
Corollary 8.3 implies that (Q', R N P = uQ'u~! N P for some u € (Q’, R'). By Lemma 2.22,
u@Q'u~1 is relatively quasiconvex. Now applying Lemma, 2.23 gives that u@Q'u~'NP is hyperbolic.
By Hruska [HrulO, Theorem 9.1], (Q’, R’) is hyperbolic relative to a collection of hyperbolic
groups. Finally, [Osi06, Corollary 2.41] yields that (Q’, R’) is hyperbolic. O
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